Opti 403A/503A Final Exam Solutions Spring 2022

Problem 4) a) The convolution integral must first be converted to a form suitable for complex-
plane methods, as follows:
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Considering that the two terms in the above integrand are complex-conjugates, we proceed
to evaluate only the first half of the integral, then combine the end result with its conjugate. The
first half of the integral has two terms, which are found by complex-plane integration, namely,
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The integral in Eq.(2) is evaluated in the upper-half plane, and that in Eq.(3) in the lower-
half plane. In both cases, the integrals equal the sum of two half-residues at x’ = 0 and x" = x.
The first half of the expression on the right-hand side of Eq.(1) is now found to be
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Adding the above expression to its complex-conjugate yields the final result of the
convolution integral, as follows:
i[cos(ax) — ei™Bx] _ i[cos(ax) — e~1mA¥] sin(mfx)

sinc(ax) * sinc(fx) = r— p— = gy a~tsinc(Bx). (5)

b) Using the scaling theorem of Fourier transformation, we have F{sinc(ax)} = |a| rect(s/a)
and F{sinc(Bx)} = |B| 'rect(s/B). The convolution theorem now yields

F{sinc(ax) * sinc(fx)} = a trect(s/a) X B~ rect(s/B) = (aBf) rect(s/p). (6)

Here, we have used the fact that the product of two rect functions equals the narrower of the
two, which, in the present case is rect(s/f). Upon inverse Fourier transformation, we arrive at

F~Y(ap) trect(s/B)} = a *F~{B trect(s/B)} = a lsinc(Bfx). (7)




