Opti 403A/503A Midterm Solutions Spring 2022

Problem 2) The first-order partial derivatives of f(x,y) are
0.f =L = y(1 - 4x?)e 20"+, (1)
_of _ _ 2y, —2(x%+y?)
d,f = oy x(1 —4y“)e : 2)

Setting both 0,f and d,f equal to zero, we find five different solutions that represent the
locations of the minima, maxima, and saddle-points of f (x, y), namely,

o.f = ayf =0 - (x,¥%) =1(0,0) (,y) =A%) (x,)=0%"—-%);
(x3' y3) = (_1/2: 1/2): (x4' y4) = (_1/2;_1/2)- (3)

To determine which one of the five points in Eq.(3) corresponds to a minimum, maximum,
or saddle point we need to compute the second-order partial derivatives of f(x,y), as follows:

Opf = a = —[8xy + 4xy(1 — 4x2)]e 20*+Y*) = 4y (4x?% — 3)e 2" +¥%), 4)
O,y f = 3 = —[8xy + 4xy(1 — 4y?)]e 2"+ = 4xy(4y? — 3)e 2"+, (5)
_ _ 9*f _ 2 _ 2 _ —2(x2+y?)

axyf - ayxf - dxdy - (4X 1)(4y 1)6 . (6)
These second-order partial derivatives, when evaluated at the five points listed in Eq.(3), yield
ALG ) = 0,0 uflugyy =0 nfl, = Ofliyy =1 @
At (xl’Y1) = (1/2’ 1/2) aXxfl(xl,yﬁ = _26_1’ yyfl(x1Y1) ’ xyfl(x1 J’1) (8)
At (xZ’YZ) = (1/2’ _1/2): axxfl(leyz) = 28_1' yfl(xz J’z) e_l’ xyfl(xz 3’2) (9)
At (65, 15) = (=%,%) Ouflyyy = 2e7Y, yyf|(x3y3) 2e7, xyf'(xs v (10)
At (x4’y4) = (_1/2'_1/2): afoI(x4,}'4) = _28_1’ yyfl(x4y4) 26—1’ xyf'(x43’4) (11)

There will be a peak (maximum) or a valley (minimum) wherever (0,,f)(9,,f) > (0,,f)>.
This means that (x,, y,) is neither the location of a peak nor a valley, but that the remaining four
points are. At (x,,y,) and (x,,y,), we have 0,,f < 0 (and also d,,,f < 0); consequently, both of
these points correspond to peaks (or maxima) of f(x,y). In contrast, (x,,y,) and (x,,y,) are
locations of valleys (or minima) of f(x, y), since, at both points, d,,.f > 0 (and also d,,,f > 0).

As for (x,,¥,) = (0,0), given that (9,,f)(0,,f) < (9,,f)?* at this point, it must be the
location of a saddle point. Now, in the vicinity of (x,,y,), we can write

Af = f(xry) _f(xw.VO) = (axf)(x - xo) + (ayf)(y - yo) + 1/Z(axxf)(x - xo)z +
+1/2(ayyf)(y - }’0)2 + (axyf)(x - xo)(y - yo) T ZEXY. (12)

It is seen that, in the 1% and 31 quadrants of the xy-plane, where xy > 0, we have Af > 0,
which indicates that f(x,y) rises above f(x,,v,) = £(0,0) = 0. In contrast, in the 2" and 4"
quadrants, where xy < 0, we have Af < 0, indicating that f (x, y) drops below f(x,, V,).




