Opti 503A Midterm 1 Solutions Spring 2012

Problem 5)

2) f(z)=—" = 1 _ (x=%)=iy-y,)
BT 2oz (x=x)+i(y-Y,)  (X=%)2+(y-V,)

u_ (x=x)-(y-y,)’

(X—X) ox [(x=%) + (Y=Y, )T

u(x,y) = 2 :
(X=%)"+(y=,) ou_ 2= %)Y~ Ye)
2y [(x=%)+(y-¥)T"
N 2X=%) (Y~ o)
) % [(x=%)"+(y=Yo)'T"’
v(xy) = —— Y= %)

e I e A

oy  [(x=x)+(y-v,)’T

Clearly, % :ﬂ and au = —ﬂ. The Cauchy-Riemann conditions are thus satisfied. The only
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singularity of this function is at z=z,, where f;(2) is not defined; everywhere else the function is
well-defined and has a derivative. We conclude that f1(2) is analytic everywhere in the complex
plane except at the single point z=z,.

b) f,(2) =exp(Z*) = exp[(X* — y*) + 2ixy] = exp(x* — y*) cos(2xy) +iexp(x* — y*) sin(2xy).

Aul dx = 2xexp(x* — y?)cos(2xy) — 2yexp(x* — y*)sin(2xy),
u(x, y) = exp(x® — y*) cos(2xy) —
Aul 3y =-2yexp(x* — y*) cos(2xy) — 2xexp(x* — y*) sin(2xy),

OVI Ox = 2xexp(x* — y?)sin(2xy) + 2yexp(x* — y*) cos(2xy),
v(X, y) = exp(x* — y*)sin(2xy) —
oVl oy =-2yexp(x* — y*)sin(2xy) + 2xexp(x* — y*) cos(2xy).

Clearly, ?:ﬂ and ﬂ:—ﬂ. The Cauchy-Riemann conditions are thus satisfied. The
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function f(2) has no singularities; it is defined everywhere, and has a derivative at each and
every point z. We conclude that f,(2) is analytic everywhere in the complex plane.




