Opti 503A Midterm Solutions Spring 2015

Problem 4) a) The derivative of sinh x is cosh x, while the derivative of cosh x is sinh x. At
x = 0, we have sinh(0) = 0 and cosh(0) = 1. Therefore,

Taylor series: f(x) = f(0) + f'(0)x + %f"(o)x2 + %f’"(o)x3 + -
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b) The defining property of an even function is f(x) = f(—x); consequently, f'(x) = —f'(—x).
The only way to satisfy this equation at x = 0 is to have f'(0) = 0. Taking the next derivative,
we find f"(x) = f"(—x), which does not impose any constraints on the value of f”(0).
However, the next derivative gives f"(x) = —f"(—x), which requires that f”(0) = 0. It is

thus seen that the 1%, 3 5™ 7" ... derivatives of f(x) at x =0 are all equal to zero.
Consequently, the Taylor series expansion of f(x) is comprised only of even powers of x.
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The defining property of an odd function is g(x) = —g(—x); consequently, g'(x) = g'(—x),
and g"(x) = —g"(—x). The only way to satisfy the last equation at x = 0 is to have g”(0) = 0.
The next derivative gives g” (x) = g" (—x), which does not impose any constraints on the value
of g"(0). Taking the next derivative, however, gives g" (x) = —g" (—x), which requires
g™ (0) = 0. It is thus seen that the 2", 4™, 6™, 8", ... derivatives of g(x) at x = 0 are all equal to
zero. Consequently, the Taylor series expansion of g(x) is comprised only of odd powers of x.

c) The function tanh(x) is an odd function of x, because sinh(x) is odd while cosh(x) is even.
The Taylor series expansion of tanh(x) may thus be written as tanh(x) = Yo, a,x?"*1,
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The first few coefficients of the Taylor series expansion of tanh(x) around x = 0 are found to be
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