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Problem 4) 

a) 𝑓𝑓(𝑥𝑥, 𝑡𝑡) = ∫ 𝐹𝐹(𝑠𝑠, 𝑡𝑡) exp(i2𝜋𝜋𝑠𝑠𝑥𝑥) d𝑠𝑠∞
−∞      →      𝜕𝜕

2𝑓𝑓(𝑥𝑥,𝑡𝑡)
𝜕𝜕𝑥𝑥2

= ∫ (i2𝜋𝜋𝑠𝑠)2𝐹𝐹(𝑠𝑠, 𝑡𝑡) exp(i2𝜋𝜋𝑠𝑠𝑥𝑥) d𝑠𝑠∞
−∞ . 

Thus the Fourier transform of 𝜕𝜕2𝑓𝑓(𝑥𝑥, 𝑡𝑡) 𝜕𝜕𝑥𝑥2⁄  is −(2𝜋𝜋𝑠𝑠)2𝐹𝐹(𝑠𝑠, 𝑡𝑡). Substitution into the 
differential equation now yields 

 −𝛼𝛼(2𝜋𝜋𝑠𝑠)2𝐹𝐹(𝑠𝑠, 𝑡𝑡) = 𝜕𝜕
𝜕𝜕𝑡𝑡
𝐹𝐹(𝑠𝑠, 𝑡𝑡). (1) 

b) The Fourier transform of exp(−𝜋𝜋𝑥𝑥2) is exp(−𝜋𝜋𝑠𝑠2). The differentiation theorem of Fourier 
transform theory may now be invoked to determine 𝐹𝐹(𝑠𝑠, 𝑡𝑡 = 0), as follows: 

 𝐹𝐹(𝑠𝑠, 𝑡𝑡 = 0) = ℱ{𝑓𝑓(𝑥𝑥, 𝑡𝑡 = 0)} = ℱ{d exp(−𝜋𝜋𝑥𝑥2) d𝑥𝑥⁄ } = i2𝜋𝜋𝑠𝑠 exp(−𝜋𝜋𝑠𝑠2). (2) 

c) The solution to Eq.(1) is readily found to be 

 𝐹𝐹(𝑠𝑠, 𝑡𝑡) = 𝐹𝐹(𝑠𝑠, 𝑡𝑡 = 0) exp(−4𝜋𝜋2𝛼𝛼𝑠𝑠2𝑡𝑡) = i2𝜋𝜋𝑠𝑠 exp(−𝜋𝜋𝑠𝑠2) exp(−4𝜋𝜋2𝛼𝛼𝑠𝑠2𝑡𝑡). (3) 

d) We thus have 

 𝑓𝑓(𝑥𝑥, 𝑡𝑡) = ℱ−1{𝐹𝐹(𝑠𝑠, 𝑡𝑡)} = ℱ−1{i2𝜋𝜋𝑠𝑠 exp[−𝜋𝜋(1 + 4𝜋𝜋𝛼𝛼𝑡𝑡)𝑠𝑠2]} 

 = d
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Differentiation theorem 

Scaling theorem 


