Problem 3)
a) cosh(x + iy) = Ve exp(x) exp(iy) + Y% exp(—x) exp(—iy)
= Y exp(x) (cosy + isiny) + Yeexp(—x)(cosy — isiny)
= Y[exp(x) + exp(—x)] cos(y) + %i[exp(x) — exp(—x)] sin(y)
= cosh(x) cos(y) + isinh(x) sin(y). 1)

b) cosh(z) =0 — exp(z)+exp(—z)=0 - exp(2z) =—-1=exp[£i2n+ Dnx].
Consequently, the zeros of cosh(z) are at z,, = +i(n + %)m, wheren = 0,1, 2,3, ---.
Alternatively, one could use Eq.(1) and set cosh(x) cos(y) = 0, which yields y,, = +(n + %),
and sinh(x) sin(y) = 0, which yields x = 0. Therefore, z,, = +i(n + ¥%)m.

c) On the horizontal line z = x + i within the complex z-plane, we have

cosh(z) = cosh(x) cos(m) + isinh(x) sin(m) = — cosh(x). @)

d) The integration contour in the complex z-plane is shown below. Considering that, on the short
vertical legs of the contour at x = %L, the integrand 1/ cosh(z) goes to zero when L — oo, we
will have

“ dx “ dx . . .
j_wcoshx - j_w_ Py 2mi X [Residue of 1/cosh(z) at z, = im/2]. (3)
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A Taylor series expansion of cosh(z) around the pole of the integrand at z, = i /2 yields
cosh(z) = cosh(zy) + sinh(zy) (z — z) + 220 (5 _ 72 4 ...

= 0 + Y%[exp(in/2) — exp(— in/Z)](.z —2Zy)+0+ -

= i(z — z,) + higher order terms.

The residue of 1/cosh(z) at z, = im/2 is thus seen to be 1/i. Therefore, Eq.(3) may be written
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The second integral, f_°°oo[x/ cosh(x)]dx, obviously vanishes because its integrand is an odd

function of x. Nevertheless, we proceed to use the Cauchy theorem on the same contour as
before to obtain



f X _dx — f XM e = 2mi % [Residue of z/cosh(z) at z, = i /2]
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2 / cosh(x)]dx, we use a similar procedure, namely,

. ® X _
dx =2mixn/2 - f_oocoshxdx =0. (5)

As for the third integral, [~ _[x
f x - f G+ im” e = 27mi X [Residue of z2/cosh(z) at z, = in/2]
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x%dx 2
- Zf coshx +1i2 % f coshx = 2m X (IT[/Z) - f coshx




