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Opti 503A Final Exam Solutions Spring 2014 
 
Problem 3)  

 𝑓(𝑥) = 𝑥𝑠 ∑ 𝐴𝑘𝑥𝑘∞
𝑘=0  

 𝑓′(𝑥) = ∑ (𝑘 + 𝑠)𝐴𝑘𝑥𝑘+𝑠−1∞
𝑘=0   

 𝑓″(𝑥) = ∑ (𝑘 + 𝑠)(𝑘 + 𝑠 − 1)𝐴𝑘𝑥𝑘+𝑠−2∞
𝑘=0   

Airy’s equation: 𝑓″(𝑥) − 𝑥𝑓(𝑥) = ∑ (𝑘 + 𝑠)(𝑘 + 𝑠 − 1)𝐴𝑘𝑥𝑘+𝑠−2∞
𝑘=0 − ∑ 𝐴𝑘𝑥𝑘+𝑠+1∞

𝑘=0 = 0. 

Defining 𝑘′ = 𝑘 − 3, then switching the dummy of the summation back to 𝑘, we will have 

 ∑ (𝑘′ + 𝑠 + 3)(𝑘′ + 𝑠 + 2)𝐴𝑘′+3𝑥𝑘
′+𝑠+1∞

𝑘′=−3 − ∑ 𝐴𝑘𝑥𝑘+𝑠+1∞
𝑘=0  

 = 𝑠(𝑠 − 1)𝐴0𝑥𝑠−2 + 𝑠(𝑠 + 1)𝐴1𝑥𝑠−1 + (𝑠 + 1)(𝑠 + 2)𝐴2𝑥𝑠 

 + ∑ [(𝑘 + 𝑠 + 3)(𝑘 + 𝑠 + 2)𝐴𝑘+3 − 𝐴𝑘]𝑥𝑘+𝑠+1∞
𝑘=0 = 0. 

Indicial equations: 𝑠(𝑠 − 1)𝐴0 = 0;           𝑠(𝑠 + 1)𝐴1 = 0;            (𝑠 + 1)(𝑠 + 2)𝐴2 = 0. 

Solutions of the indicial equations: 

i) 𝑠 = 1,        𝐴0 arbitrary,         𝐴1 = 𝐴2 = 0. 

ii) 𝑠 = −2,    𝐴2 arbitrary,         𝐴0 = 𝐴1 = 0. 

iii) 𝑠 = 0,        𝐴0 and 𝐴1 arbitrary,     𝐴2 = 0. 

iv) 𝑠 = −1,     𝐴1 and 𝐴2 arbitrary,    𝐴0 = 0. 

Recursion relation: 𝐴𝑘+3 = 𝐴𝑘
(𝑘+𝑠+2)(𝑘+𝑠+3)

. 

First solution of Airy’s equation (𝒔 = 𝟏): 𝐴𝑘+3 = 𝐴𝑘
(𝑘+3)(𝑘+4)

,      𝑘 = 0, 3, 6, 9,⋯. 

 𝐴3 = 𝐴0
3∙4

= 2
4!
𝐴0;           𝐴6 = 𝐴3

6∙7
= 𝐴0

3∙4∙6∙7
= 2∙5

7!
𝐴0;              𝐴9 = 𝐴6

9∙10
= 2∙5∙8

10!
𝐴0;         ⋯ 

Therefore, 𝐴3𝑛 = (3−1)∙(6−1)∙(9−1)⋯(3𝑛−1)
(3𝑛+1)!

𝐴0 = 3𝑛(1−⅓)(2−⅓)(3−⅓)⋯(𝑛−⅓)
(3𝑛+1)!

𝐴0 = 3𝑛(𝑛−⅓)!
(3𝑛+1)!

𝐴0. 

 𝑓1(𝑥) = 𝑥 �1 + ∑ (𝑛−⅓)! �3⅓𝑥�
3𝑛

(3𝑛+1)!
∞
𝑛=1 �. 

Second solution of Airy’s equation (𝒔 = −𝟐): 𝐴𝑘+3 = 𝐴𝑘
𝑘(𝑘+1)

,      𝑘 = 2, 5, 8, 11,⋯. 

 𝐴5 = 𝐴2
2∙3

= 1
3!
𝐴2;           𝐴8 = 𝐴5

5∙6
= 𝐴2

2∙3∙5∙6
= 1∙4

6!
𝐴2;              𝐴11 = 𝐴8

8∙9
= 1∙4∙7

9!
𝐴2;         ⋯ 

Therefore, 𝐴3𝑛+2 = (3−2)∙(6−2)∙(9−2)⋯(3𝑛−2)
(3𝑛)!

𝐴2 = 3𝑛(1−⅔)(2−⅔)(3−⅔)⋯(𝑛−⅔)
(3𝑛)!

𝐴2 = 3𝑛(𝑛−⅔)!
(3𝑛)!

𝐴2. 

 𝑓2(𝑥) = 1 + ∑ (𝑛−⅔)! �3⅓𝑥�
3𝑛

(3𝑛)!
∞
𝑛=1 . 
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The remaining solutions of the indicial equations (associated with 𝑠 = 0 and 𝑠 = −1) do not 
yield any new solutions for the Airy equation. For example, in the case of 𝑠 = 0, we will have 

 𝐴𝑘+3 = 𝐴𝑘
(𝑘+2)(𝑘+3)

,         𝑘 = 0, 3, 6, 9,⋯     and also   𝑘 = 1, 4, 7, 10,⋯ 

The first series (𝑘 = 0, 3, 6, 9,⋯ )  yields 𝑓2(𝑥) , while the second (𝑘 = 1, 4, 7, 10,⋯ )  yields 
𝑓1(𝑥), so that the general solution will be 𝑓(𝑥) = 𝐴0𝑓2(𝑥) + 𝐴1𝑓1(𝑥). Similarly, in the case of 
𝑠 = −1, we will have 

 𝐴𝑘+3 = 𝐴𝑘
(𝑘+1)(𝑘+2)

,        𝑘 = 1, 4, 7, 10,⋯     and also   𝑘 = 2, 5, 8, 11,⋯ 

The first series (𝑘 = 1, 4, 7, 10,⋯ )  yields 𝑓2(𝑥), while the second (𝑘 = 2, 5, 8, 11,⋯ ) yields 
𝑓1(𝑥), so that the general solution will be 𝑓(𝑥) = 𝐴1𝑓2(𝑥) + 𝐴2𝑓1(𝑥). 


