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Problem 2) a) 𝐹𝐹𝐿𝐿(𝑠𝑠) = ∫ 𝑓𝑓𝐿𝐿(𝑥𝑥) exp(−i2𝜋𝜋𝑠𝑠𝑥𝑥) 𝑑𝑑𝑥𝑥∞

−∞  

 = −∫ [1 + (𝑥𝑥 𝐿𝐿⁄ )] exp(−i2𝜋𝜋𝑠𝑠𝑥𝑥)𝑑𝑑𝑥𝑥0
−𝐿𝐿 + ∫ [1 − (𝑥𝑥 𝐿𝐿⁄ )] exp(−i2𝜋𝜋𝑠𝑠𝑥𝑥) 𝑑𝑑𝑥𝑥𝐿𝐿

0  

 = −∫ [1 − (𝑥𝑥 𝐿𝐿⁄ )] exp(+i2𝜋𝜋𝑠𝑠𝑥𝑥) 𝑑𝑑𝑥𝑥𝐿𝐿
0 + ∫ [1 − (𝑥𝑥 𝐿𝐿⁄ )] exp(−i2𝜋𝜋𝑠𝑠𝑥𝑥)𝑑𝑑𝑥𝑥𝐿𝐿

0  

 = −2i∫ [1 − (𝑥𝑥 𝐿𝐿⁄ )] sin(2𝜋𝜋𝑠𝑠𝑥𝑥) 𝑑𝑑𝑥𝑥𝐿𝐿
0  

 = 2i [1−(𝑥𝑥 𝐿𝐿⁄ )] cos(2𝜋𝜋𝜋𝜋𝑥𝑥)
2𝜋𝜋𝜋𝜋

�
0

𝐿𝐿
+ 2i∫

(1 𝐿𝐿⁄ ) cos(2𝜋𝜋𝜋𝜋𝑥𝑥)
2𝜋𝜋𝜋𝜋

𝑑𝑑𝑥𝑥𝐿𝐿
0  

 = − 2i
2𝜋𝜋𝜋𝜋

+ 2i sin(2𝜋𝜋𝜋𝜋𝑥𝑥)
(2𝜋𝜋𝜋𝜋)2𝐿𝐿

�
0

𝐿𝐿
= 1

i𝜋𝜋𝜋𝜋
− sin(2𝜋𝜋𝜋𝜋𝐿𝐿)

i2(𝜋𝜋𝜋𝜋)2𝐿𝐿
= 1 − sinc(2𝜋𝜋𝐿𝐿)

i𝜋𝜋𝜋𝜋
. 

 
b) Lim𝐿𝐿→∞ 𝑓𝑓𝐿𝐿(𝑥𝑥) = Sgn(𝑥𝑥). 
 
c) Considering that sinc(2𝑠𝑠𝐿𝐿) → 0 when 𝐿𝐿 → ∞, we find:  Lim𝐿𝐿→∞ 𝐹𝐹𝐿𝐿(𝑠𝑠) = 1 (i𝜋𝜋𝑠𝑠)⁄ . 

Note: When 𝑠𝑠 = 0, the limit of sinc(2𝑠𝑠𝐿𝐿) = sinc(0) = 1, independent of 𝐿𝐿. Consequently 
Lim𝐿𝐿→∞ 𝐹𝐹𝐿𝐿(0) = 0. 

 

d) 𝑓𝑓(𝑥𝑥) = ∫ 𝐹𝐹(𝑠𝑠) exp(i2𝜋𝜋𝑥𝑥𝑠𝑠) 𝑑𝑑𝑠𝑠∞
−∞ = ∫ exp(i2𝜋𝜋𝑥𝑥𝜋𝜋)

i𝜋𝜋𝜋𝜋
𝑑𝑑𝑠𝑠∞

−∞ . 

Contours of integration in the complex plane are shown in the diagrams below. On the large 
semi-circle, the exponent of exp (i2𝜋𝜋𝑥𝑥𝜋𝜋) must acquire a negative real part in order to satisfy 
Jordan’s lemma. Thus, when 𝑥𝑥 is positive (negative), the integration must be carried out in the 
upper (lower) half-plane. In each case, the contribution of the large semi-circle to the integral 
vanishes, and the integral over the real-axis becomes equal to that over the small semi-circle, 
taken counterclockwise when 𝑥𝑥 > 0, and clockwise when 𝑥𝑥 < 0. 

 𝑓𝑓(𝑥𝑥) = �exp(i2𝜋𝜋𝑥𝑥𝜋𝜋)
i𝜋𝜋𝜋𝜋

𝑑𝑑𝜋𝜋 = lim𝜀𝜀→0 �
exp[i2𝜋𝜋𝑥𝑥𝜀𝜀 exp(i𝜃𝜃)]

i𝜋𝜋𝜀𝜀 exp(i𝜃𝜃) i𝜀𝜀 exp(i𝜃𝜃)𝑑𝑑𝜃𝜃
±𝜋𝜋

𝜃𝜃=0
= �+𝜋𝜋 𝜋𝜋⁄ ,     𝑥𝑥 > 0;

−𝜋𝜋 𝜋𝜋⁄ ,     𝑥𝑥 < 0.  

 
Clearly then 𝑓𝑓(𝑥𝑥) = Sgn(𝑥𝑥), as expected. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Change of variable: 
x → −x 

Integration by parts 
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