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Opti 503A Solutions 1/1 

Problem 12.23)  

a) 𝜵𝜵 × (𝜵𝜵𝜓𝜓) = 𝜵𝜵 × {i𝒌𝒌1𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)]} 

 = i2(𝒌𝒌1 × 𝒌𝒌1)𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)] = 0. 

b) 𝜵𝜵 ∙ (𝜓𝜓𝑨𝑨) = 𝜵𝜵 ∙ (𝜓𝜓0𝑨𝑨0 exp{i[(𝒌𝒌1 + 𝒌𝒌2) ∙ 𝒓𝒓 − (𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡]}) 

 = i𝜓𝜓0(𝒌𝒌1 + 𝒌𝒌2) ∙ 𝑨𝑨0 exp{i[(𝒌𝒌1 + 𝒌𝒌2) ∙ 𝒓𝒓 − (𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡]} 

 = {i𝒌𝒌1𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)]} ∙ 𝑨𝑨0 exp[i(𝒌𝒌2 ∙ 𝒓𝒓 − 𝜔𝜔2𝑡𝑡)] 

 +𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)] {i𝒌𝒌2 ∙ 𝑨𝑨0 exp[i(𝒌𝒌2 ∙ 𝒓𝒓 − 𝜔𝜔2𝑡𝑡)]} 

 = (𝜵𝜵𝜓𝜓) ∙ 𝑨𝑨 + 𝜓𝜓(𝜵𝜵 ∙ 𝑨𝑨). 

c) 𝜵𝜵 × (𝜓𝜓𝑩𝑩) = 𝜵𝜵 × (𝜓𝜓0𝑩𝑩0 exp{i[(𝒌𝒌1 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔1 + 𝜔𝜔3)𝑡𝑡]}) 

 = i𝜓𝜓0(𝒌𝒌1 + 𝒌𝒌3) × 𝑩𝑩0 exp{i[(𝒌𝒌1 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔1 + 𝜔𝜔3)𝑡𝑡]} 

 = {i𝒌𝒌1𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)]} × 𝑩𝑩0 exp[i(𝒌𝒌3 ∙ 𝒓𝒓 − 𝜔𝜔3𝑡𝑡)] 

 +𝜓𝜓0 exp[i(𝒌𝒌1 ∙ 𝒓𝒓 − 𝜔𝜔1𝑡𝑡)] {i𝒌𝒌3 × 𝑩𝑩0 exp[i(𝒌𝒌3 ∙ 𝒓𝒓 − 𝜔𝜔3𝑡𝑡)]} 

 = (𝜵𝜵𝜓𝜓) × 𝑩𝑩 + 𝜓𝜓𝜵𝜵 × 𝑩𝑩. 

d) 𝜵𝜵 ∙ (𝑨𝑨 × 𝑩𝑩) = 𝜵𝜵 ∙ (𝑨𝑨0 × 𝑩𝑩0 exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]}) 

 = i(𝒌𝒌2 + 𝒌𝒌3) ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]} 

 = i𝒌𝒌2 ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]} 

 +i𝒌𝒌3 ∙ (𝑨𝑨0 × 𝑩𝑩0) exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]} 

 = (i𝒌𝒌2 × 𝑨𝑨0) ∙ 𝑩𝑩0 exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]} 

 −(i𝒌𝒌3 × 𝑩𝑩0) ∙ 𝑨𝑨0 exp{i[(𝒌𝒌2 + 𝒌𝒌3) ∙ 𝒓𝒓 − (𝜔𝜔2 + 𝜔𝜔3)𝑡𝑡]} 

 = {i𝒌𝒌2 × 𝑨𝑨0 exp[i(𝒌𝒌2 ∙ 𝒓𝒓 − 𝜔𝜔2𝑡𝑡)]} ∙ 𝑩𝑩0 exp[i(𝒌𝒌3 ∙ 𝒓𝒓 − 𝜔𝜔3𝑡𝑡)] 

 −{i𝒌𝒌3 × 𝑩𝑩0 exp[i(𝒌𝒌3 ∙ 𝒓𝒓 − 𝜔𝜔3𝑡𝑡)]} ∙ 𝑨𝑨0 exp[i(𝒌𝒌2 ∙ 𝒓𝒓 − 𝜔𝜔2𝑡𝑡)] 
 = (𝜵𝜵 × 𝑨𝑨) ∙ 𝑩𝑩 − (𝜵𝜵 × 𝑩𝑩) ∙ 𝑨𝑨 = 𝑩𝑩 ∙ (𝜵𝜵 × 𝑨𝑨) − 𝑨𝑨 ∙ (𝜵𝜵 × 𝑩𝑩). 
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