
Solution to Problem 3) Let 𝑓𝑓(𝑡𝑡) = 𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧 and 𝑔𝑔′(𝑡𝑡) = 𝑡𝑡−1. Integration by parts yields 

 ∫ 𝑓𝑓(𝑡𝑡)𝑔𝑔′(𝑡𝑡)d𝑡𝑡∞
0 = 𝑓𝑓(𝑡𝑡)𝑔𝑔(𝑡𝑡)|0∞ − ∫ 𝑓𝑓′(𝑡𝑡)𝑔𝑔(𝑡𝑡)d𝑡𝑡∞

0 . 

Given that 𝑔𝑔(𝑡𝑡) = ln 𝑡𝑡, it is seen that lim𝑡𝑡→0 𝑓𝑓(𝑡𝑡)𝑔𝑔(𝑡𝑡) = lim𝑡𝑡→0(𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧 ln 𝑡𝑡) is zero 
when Re(𝑧𝑧) > 0, and that lim𝑡𝑡→∞(𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧 ln 𝑡𝑡) is also zero, irrespective of the value of 𝑧𝑧. 
Consequently, 

 Γ(𝑧𝑧) = −∫ 𝑓𝑓′(𝑡𝑡)𝑔𝑔(𝑡𝑡)d𝑡𝑡∞
0 = −∫ (𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧)′ ln 𝑡𝑡 d𝑡𝑡∞

0  

 = −∫ (−𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧 + 𝑒𝑒−𝑡𝑡𝑧𝑧𝑡𝑡𝑧𝑧−1) ln 𝑡𝑡 d𝑡𝑡∞
0 = ∫ 𝑒𝑒−𝑡𝑡(𝑡𝑡 − 𝑧𝑧)𝑡𝑡𝑧𝑧−1 ln 𝑡𝑡 d𝑡𝑡∞

0 ,   Re(𝑧𝑧) > 0. 

 


