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Problem 33) With reference to Problem 35, where the periodic function 𝑓𝑓(𝑥𝑥) with period 𝑝𝑝 = 1 
is defined over the interval 0 ≤ 𝑥𝑥 < 1 as 𝑓𝑓(𝑥𝑥) = ½ − 𝑥𝑥, it is clear that 𝜙𝜙1(𝑥𝑥) = 𝜋𝜋𝑓𝑓(𝑥𝑥 2𝜋𝜋⁄ ). 
Since 𝑓𝑓(𝑥𝑥) = ∑ sin(2𝜋𝜋𝜋𝜋𝑥𝑥) (𝜋𝜋𝜋𝜋)⁄∞

𝑛𝑛=1 , we will have 𝜙𝜙1(𝑥𝑥) = ∑ sin(𝜋𝜋𝑥𝑥) 𝜋𝜋⁄∞
𝑛𝑛=1 . 

Let 𝜙𝜙2(𝑥𝑥) be related to ∫ 𝜙𝜙1(𝑦𝑦)d𝑦𝑦𝑥𝑥
0 . In the interval 0 ≤ 𝑥𝑥 ≤ 𝜋𝜋 we will have 

 ∫ 𝜙𝜙1(𝑦𝑦)d𝑦𝑦𝑥𝑥
0 = ½∫ (𝜋𝜋 − 𝑦𝑦)d𝑦𝑦𝑥𝑥
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Similarly, in the interval −𝜋𝜋 ≤ 𝑥𝑥 ≤ 0, we will have 

 ∫ 𝜙𝜙1(𝑦𝑦)d𝑦𝑦𝑥𝑥
0 = −½∫ (𝜋𝜋 + 𝑦𝑦)d𝑦𝑦𝑥𝑥

0 = −𝜋𝜋𝑥𝑥
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 . 

Next, we integrate the Fourier series representation of 𝜙𝜙1(𝑥𝑥), as follows: 

 ∫ 𝜙𝜙1(𝑦𝑦)d𝑦𝑦𝑥𝑥
0 = ∫ ∑ [sin(𝜋𝜋𝑦𝑦) 𝜋𝜋⁄ ]∞

𝑛𝑛=1 d𝑦𝑦𝑥𝑥
0 = −∑ [cos(𝜋𝜋𝑦𝑦) 𝜋𝜋2⁄ ]𝑦𝑦=0𝑥𝑥∞

𝑛𝑛=1  

 = −∑ [cos(𝜋𝜋𝑥𝑥) 𝜋𝜋2⁄ ]∞
𝑛𝑛=1 + ∑ (1 𝜋𝜋2⁄ )∞

𝑛𝑛=1 = −∑ [cos(𝜋𝜋𝑥𝑥) 𝜋𝜋2⁄ ]∞
𝑛𝑛=1 + 𝜁𝜁(2) 

 = −∑ [cos(𝜋𝜋𝑥𝑥) 𝜋𝜋2⁄ ]∞
𝑛𝑛=1 + (𝜋𝜋2 6⁄ ). 

Combining the above results, we now find 

 −� cos(𝑛𝑛𝑥𝑥)
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�
𝜋𝜋2 − (𝜋𝜋 + 𝑥𝑥)2;     −𝜋𝜋 ≤ 𝑥𝑥 ≤ 0

𝜋𝜋2 − (𝜋𝜋 − 𝑥𝑥)2;        0 ≤ 𝑥𝑥 ≤ 𝜋𝜋
 

 →     𝜙𝜙2(𝑥𝑥) = � cos(𝑛𝑛𝑥𝑥)
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= �

¼(𝜋𝜋 + 𝑥𝑥)2 − (𝜋𝜋2 12⁄ );    −𝜋𝜋 ≤ 𝑥𝑥 ≤ 0

¼(𝜋𝜋 − 𝑥𝑥)2 − (𝜋𝜋2 12⁄ );        0 ≤ 𝑥𝑥 ≤ 𝜋𝜋.
 

 

Riemann’s ζ function 


