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Problem 25)  

d) To evaluate � d𝑥𝑥
𝑥𝑥4 + 4𝑎𝑎4

∞

0
 , use the contour shown. The 

poles of the integrand are readily found, as follows: 

 𝑧𝑧4 + 4𝑎𝑎4 = 0    →     𝑧𝑧4 = −4𝑎𝑎4    →     𝑧𝑧2 = ±i2𝑎𝑎2 

 →        𝑧𝑧2 = 2𝑎𝑎2𝑒𝑒±i𝜋𝜋 2⁄       →         𝑧𝑧 = ±√2𝑎𝑎𝑒𝑒±i𝜋𝜋 4⁄ . 

The only pole that is inside the contour is 𝑧𝑧1 = √2𝑎𝑎𝑒𝑒i𝜋𝜋 4⁄ . 

 Residue at 𝑧𝑧1 = 1
(𝑧𝑧1−𝑧𝑧2)(𝑧𝑧1−𝑧𝑧3)(𝑧𝑧1−𝑧𝑧4) 

 = 1
2𝑎𝑎 × 2√2𝑎𝑎exp(i𝜋𝜋 4⁄ ) × 2𝑎𝑎i

= 1
i8√2𝑎𝑎3 exp(i𝜋𝜋 4⁄ ) . 

Loop integral when 𝑅𝑅 → ∞: 

 � d𝑥𝑥
𝑥𝑥4 + 4𝑎𝑎4

∞

0
− � id𝑦𝑦

(i𝑦𝑦)4 + 4𝑎𝑎4

∞

0
= (1 − i)� d𝑥𝑥

𝑥𝑥4 + 4𝑎𝑎4

∞

0
= 2𝜋𝜋i

i8√2𝑎𝑎3 exp(i𝜋𝜋 4⁄ ) 

 →         � d𝑥𝑥
𝑥𝑥4 + 4𝑎𝑎4

∞

0
= 𝜋𝜋

4√2𝑎𝑎3 exp(i𝜋𝜋 4⁄ )(1−i)
= 𝜋𝜋

8𝑎𝑎3
 . 

e) To evaluate � d𝑥𝑥
(𝑥𝑥2 + 𝑎𝑎2)2

∞

0
 , use an infinitely large semi-circular contour in the upper half of the 

complex plane. The poles of the integrand are readily found by setting 𝑧𝑧2 + 𝑎𝑎2 = 0, which yields 
𝑧𝑧1,2 = ±i𝑎𝑎. The pole inside the contour is 𝑧𝑧1 = i𝑎𝑎, and it is a second-order pole. 

 Residue at 𝑧𝑧 = i𝑎𝑎:     d
d𝑧𝑧
� 1

(𝑧𝑧+i𝑎𝑎)2�𝑧𝑧 = i𝑎𝑎
= −2(𝑧𝑧 + i𝑎𝑎)−3|𝑧𝑧 = i𝑎𝑎 = −2(2i𝑎𝑎)−3 = 1

i4𝑎𝑎3
 . 

Therefore, 

 � d𝑥𝑥
(𝑥𝑥2 + 𝑎𝑎2)2

∞

0
= 1

2
� d𝑥𝑥

(𝑥𝑥2 + 𝑎𝑎2)2

∞

−∞
= 1

2
(2𝜋𝜋i) � 1

i4𝑎𝑎3
� = 𝜋𝜋

4𝑎𝑎3
 . 

 
 
 
 
 
 
 
 
 
 
 
 

𝑥𝑥 

𝑦𝑦 

× × 

× × 

𝑧𝑧1 𝑧𝑧2 

𝑧𝑧3 
 

𝑧𝑧4 

𝑅𝑅 → ∞ 




