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Solution to Problem 16) We begin by noting that 

 𝑎𝑎𝑥𝑥2 + 𝑏𝑏𝑥𝑥−2 = �√𝑎𝑎𝑥𝑥 − √𝑏𝑏𝑥𝑥−1�
2

+ 2√𝑎𝑎𝑏𝑏 = √𝑎𝑎𝑏𝑏 ��𝑎𝑎 𝑏𝑏⁄4 𝑥𝑥 − �𝑏𝑏 𝑎𝑎⁄4 𝑥𝑥−1�
2

+ 2√𝑎𝑎𝑏𝑏. (1) 

We then write 

 ∫ exp(−𝑎𝑎𝑥𝑥2 − 𝑏𝑏𝑥𝑥−2) d𝑥𝑥∞
0 = �𝑏𝑏 𝑎𝑎⁄4 exp�−2√𝑎𝑎𝑏𝑏�� exp�−√𝑎𝑎𝑏𝑏(𝑒𝑒𝑦𝑦 − 𝑒𝑒−𝑦𝑦)2� exp(𝑦𝑦) d𝑦𝑦

∞

−∞
 

 = �𝑏𝑏 𝑎𝑎⁄4 exp�−2√𝑎𝑎𝑏𝑏�∫ exp�−4√𝑎𝑎𝑏𝑏 sinh2 𝑦𝑦� (cosh𝑦𝑦 + sinh𝑦𝑦)d𝑦𝑦∞
−∞  

 = �𝑏𝑏 𝑎𝑎⁄4 exp�−2√𝑎𝑎𝑏𝑏�∫ exp�−4√𝑎𝑎𝑏𝑏 sinh2 𝑦𝑦� cosh(𝑦𝑦) d𝑦𝑦∞
−∞  

 = �𝑏𝑏 𝑎𝑎⁄4

2 √𝑎𝑎𝑏𝑏4 exp�−2√𝑎𝑎𝑏𝑏�∫ exp(−𝑥𝑥2) d𝑥𝑥∞
−∞ = �𝜋𝜋 (4𝑎𝑎)⁄ exp�−2√𝑎𝑎𝑏𝑏�. (2) 

a) Changing the variable of integration from 𝜏𝜏 to 𝜃𝜃 such that cos2 𝜃𝜃 = 𝜏𝜏 𝑇𝑇⁄ , we will have 

 � exp �− 𝑎𝑎
𝑇𝑇 − 𝜏𝜏

− 𝑏𝑏
𝜏𝜏
� d𝜏𝜏
�(𝑇𝑇 − 𝜏𝜏)𝜏𝜏3

𝑇𝑇

𝜏𝜏=0
= � exp �− 𝑎𝑎 𝑇𝑇⁄

1 − cos2 𝜃𝜃
− 𝑏𝑏 𝑇𝑇⁄

cos2 𝜃𝜃
� 2𝑇𝑇 sin𝜃𝜃 cos𝜃𝜃d𝜃𝜃
𝑇𝑇2�(1 − cos2 𝜃𝜃) cos6 𝜃𝜃

𝜋𝜋 2⁄

𝜃𝜃=0
 

 = 2
𝑇𝑇
� exp �− 𝑎𝑎 𝑇𝑇⁄

sin2 𝜃𝜃
− 𝑏𝑏 𝑇𝑇⁄

cos2 𝜃𝜃
� d𝜃𝜃
cos2 𝜃𝜃

𝜋𝜋 2⁄

0
 

 = (2 𝑇𝑇⁄ )∫ exp[−(𝑎𝑎 𝑇𝑇⁄ )(1 + cot2 𝜃𝜃) − (𝑏𝑏 𝑇𝑇⁄ )(1 + tan2 𝜃𝜃)](1 + tan2 𝜃𝜃)d𝜃𝜃𝜋𝜋 2⁄
0  

 = (2 𝑇𝑇⁄ ) exp[− (𝑎𝑎 + 𝑏𝑏) 𝑇𝑇⁄ ]∫ exp[−(𝑎𝑎 𝑇𝑇⁄ )𝑥𝑥−2 − (𝑏𝑏 𝑇𝑇⁄ )𝑥𝑥2]d𝑥𝑥∞
0 . (3) 

The resulting integral is similar to that given by Eq.(2). We thus have 

 � exp �− 𝑎𝑎
𝑇𝑇−𝜏𝜏

− 𝑏𝑏
𝜏𝜏
� d𝜏𝜏
�(𝑇𝑇−𝜏𝜏)𝜏𝜏3

𝑇𝑇

0
= (2 𝑇𝑇⁄ ) exp[−(𝑎𝑎 + 𝑏𝑏) 𝑇𝑇⁄ ]�𝜋𝜋𝑇𝑇 (4𝑏𝑏)⁄ exp �−2�𝑎𝑎𝑏𝑏 𝑇𝑇2⁄ � 

 = �𝜋𝜋 (𝑏𝑏𝑇𝑇)⁄ exp[−(√𝑎𝑎 + √𝑏𝑏)2 𝑇𝑇⁄ ]. (4) 

b) Changing the variable of integration from 𝜏𝜏 to 𝜃𝜃 such that cos2 𝜃𝜃 = 𝜏𝜏 𝑇𝑇⁄ , we will have 

 � exp �− 𝑎𝑎
𝑇𝑇 − 𝜏𝜏

− 𝑏𝑏
𝜏𝜏
� d𝜏𝜏

[(𝑇𝑇 − 𝜏𝜏)𝜏𝜏]3 2⁄

𝑇𝑇

𝜏𝜏=0
= � exp �− 𝑎𝑎 𝑇𝑇⁄

1 − cos2 𝜃𝜃
− 𝑏𝑏 𝑇𝑇⁄

cos2 𝜃𝜃
� 2𝑇𝑇 sin𝜃𝜃 cos𝜃𝜃d𝜃𝜃
𝑇𝑇3[(1 − cos2 𝜃𝜃) cos2 𝜃𝜃]3 2⁄

𝜋𝜋 2⁄

𝜃𝜃=0
 

 = 2
𝑇𝑇2
� exp �− 𝑎𝑎 𝑇𝑇⁄

sin2 𝜃𝜃
− 𝑏𝑏 𝑇𝑇⁄

cos2 𝜃𝜃
� d𝜃𝜃
sin2 𝜃𝜃 cos2 𝜃𝜃

𝜋𝜋 2⁄

0
 

 = �2 𝑇𝑇⁄ 2� ∫ exp[−(𝑎𝑎 𝑇𝑇⁄ )(1 + cot2 𝜃𝜃) − (𝑏𝑏 𝑇𝑇⁄ )(1 + tan2 𝜃𝜃)](1 + cot2 𝜃𝜃)(1 + tan2 𝜃𝜃)d𝜃𝜃𝜋𝜋 2⁄
0  

 = (2 𝑇𝑇2⁄ ) exp[−(𝑎𝑎 + 𝑏𝑏) 𝑇𝑇⁄ ]∫ exp[−(𝑎𝑎 𝑇𝑇⁄ )𝑥𝑥−2 − (𝑏𝑏 𝑇𝑇⁄ )𝑥𝑥2](1 + 𝑥𝑥−2)d𝑥𝑥∞
0 . (5) 

The resulting integrals are similar to that in Eq.(2), albeit the second half of the integrand in 
Eq.(5) requiring a change of variable 𝑦𝑦 = 𝑥𝑥−1, which reverses the roles of 𝑎𝑎 and 𝑏𝑏. We will have 

Change of variable: �𝑎𝑎 𝑏𝑏⁄4 𝑥𝑥  = 𝑒𝑒𝑦𝑦 Remove odd integrand 

Change of variable: 𝑥𝑥 = 2√𝑎𝑎𝑏𝑏4 sinh(𝑦𝑦) 

𝑥𝑥 = tan 𝜃𝜃 
Change of variable: 

Change of variable: 𝑥𝑥 = tan 𝜃𝜃 
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 � exp �− 𝑎𝑎
𝑇𝑇−𝜏𝜏

− 𝑏𝑏
𝜏𝜏
� d𝜏𝜏

[(𝑇𝑇 − 𝜏𝜏)𝜏𝜏]3 2⁄

𝑇𝑇

0
= �2 𝑇𝑇⁄ 2� exp[−(𝑎𝑎 + 𝑏𝑏) 𝑇𝑇⁄ ] ��𝜋𝜋𝑇𝑇 (4𝑏𝑏)⁄ + �𝜋𝜋𝑇𝑇 (4𝑎𝑎)⁄ � exp �−2�𝑎𝑎𝑏𝑏 𝑇𝑇2⁄ � 

 = ��𝜋𝜋 (𝑎𝑎𝑇𝑇3)⁄ + �𝜋𝜋 (𝑏𝑏𝑇𝑇3)⁄ � exp[−(√𝑎𝑎 + √𝑏𝑏)2 𝑇𝑇⁄ ]. (6) 
 


