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Problem 10) We use proof by contradiction, assuming at the outset that there exists a smallest
integer, N, that can be decomposed into prime factors in two different ways. We then show that a
smaller integer can be found that has the same property. Suppose the two decompositions of N
are written as follows:

N =p/"py2p; = a1 a5 - qi~. (1)

Since, by assumption, N is the smallest integer that can be decomposed in two different
ways, none of the prime factors p; on the left-hand side of Eq.(1) cancel out any of the prime
factors g, on the right-hand side. Without loss of generality, we assume that p; is the smallest
prime number appearing in Eq.(1), then write q, = u,p; + vy, where p, and v, are positive
integers, with u, > 1 and 1 < v, < p;. The right-hand side of Eq.(1) may now be written as
otpi7 + B, where a, B, and n are positive integers, with f = vflvglz 1/,?".

Next, we subtract ap? from both sides of Eq.(1). Since @« = 1 and n > 1, the left-hand side
of the equation ends up being an integer smaller than N, with p; (or an integer power of p;) as
one of its prime factors. On the right-hand side, we will have f = 1/1n 11/; 2. v,? * which can be
further decomposed into prime factors less than p; (because vq, vy, :++, V) are all smaller than p,).
We now have a number smaller than N, that is, N — apf, that is factored out in two different
ways: once with p; as a prime factor, and a second time with prime factors that are all smaller
then p;. This contradicts our starting assumption that N is the smallest integer that can be
factored out in two different ways. The conclusion is that every integer can be decomposed into
prime factors in only one way. This is the well-known fundamental theorem of arithmetic.




