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Solution to Problem 1)

a) k= (w/o)k.
0 0 .
b) V.szfree - V'(EOE-I_ﬁ:pfee - VE(r,t)ZO - ik'EOel(k'r_wt)zO

- i(w/c)R-Eeik -0 =0 » R-E, =0 - & -(E,+iE")=0
- (R-E)+i(R-E)=0 - RK-E/=0 and k-E"=0.

¢) Re|(E;+iEpe 70| = Re((E} + iE})[cos(k - T — wt) + isin(k -7 — wt)]}
= Ecos(k-r — wt) — E; sin(k-r — wt).

At any given point r = r, the E-field is a function of time. When sin(k - r, — wt) = 0, we
will have cos(k - r, — wt) = +1, in which case the field has its maximum amplitude along Ej.
And when cos(k - r, — wt) = 0, we have sin(k - r, — wt) = 1, in which case the field has its
maximum amplitude along Eg. During each cycle of oscillation, the
tip of the E-field vector traces an elliptical trajectory, as depicted in
the figure. The plane-wave is linearly polarized when either E; = 0
or E; =0, or when E| and Ej; are parallel (or anti-parallel) to each
other. The plane-wave is circularly polarized when E; and E; are
perpendicular to each other and have equal magnitudes. Considering
that the tip of the E-field vector travels from E; toward E;, the
plane-wave will be right or left circularly polarized depending on the
relative orientation of these two vectors.

d) VXE=—0B/dt - ik xE,elk7-0) =juu H, etk r-wt
- u,wH, = (w/c)KXE, > Hy=KXE,/u,c » Hy=KXE,/Z,.
e) &x(r,t) = Yog |Re[E(r,0)]|? = Y2g,|Ej cos(k - 7 — wt) — Ey sin(k - 1 — wt)|?
= Ve {E, - E, cos?(k-r — wt) + E} - El sin?(k-r — wt) — E, - E!sin[2(k- T — wt)]}

= Yie {(E,-E, + E" -E") + (E,- E, — E" - E") cos[2(k - T — wt)] — 2E, - E" sin[2(k - 7 — wt)]}.

Upon time-averaging, the oscillatory terms of the above expression vanish, yielding
(Eg(r,t)) = Yae, (E, - E, + E| - E]), which can equivalently be written as (E.(r,t)) = Yag,E, - Ej,.
A similar procedure applied to the H-field yields

(En(r, ) = Youo(IRe[H(r, O]1?) = Yoo H, - Hy = Yo/ Z2) (& X E,) - (& % E})
0
= YheoRe - [E, X (& x E))] = Ve, [(E, - EDR — (EyRVE;] = VaeoE, - E.

The E-field and H-field energy densities are thus seen to be identical. As for the time-
averaged Poynting vector, we will have

(S(1,0)) = YaRe[E(r,t) X H*(r,t)] = YaRe[E,e'®* T~ 00 x Hie~ilk r-wD]



0
= oRe[E, x (& x E3/2,)] = (22,) ' Rel(E, * E)& — (Ey - RIE]
= (ZZO)_l(Eo ' E;)/'E-
Note that the magnitude of the time-averaged Poynting vector equals the sum of the E-field
and H-field energy densities, namely, %2¢,E, - E;, multiplied by the speed c¢ of light in vacuum.

This is the sense in which the Poynting vector yields the rate of flow of electromagnetic energy
per unit area per unit time.

f) The time-averaged energy densities and the Poynting vector of a plane-wave are seen to be
proportional to E, - E. Thus, the relevant entity for the superposition (aE,, + SE,,)e'® 7~V is

(an1 + ﬂEoz) ' (an1 + ﬂEoz)* = |a|2Eo1 ' E;1 + |,8|2E02 ' Egz + ZRQ(Q,B*EM ' E;Z)'

For the energy densities and the Poynting vector of the superposed plane-wave to be linear
combinations of the corresponding entities for the constituent beams (for all values of a and f3),
it is necessary as well as sufficient to have E, - E;, = 0. This is equivalent

to requiring that E,, - E;, + E|, - E;, = 0 and also E;, - E;, — E, - E;, = 0. Ey,

One way to achieve this, as the figure suggests, is by rotating E;, around i Ej,

by 90°, say, counterclockwise, to arrive at Ej,, then rotating E;, around K by E.,
90°, this time clockwise, to arrive at Eg,. In this way, the orthogonality

constraint E,, - EX, = 0 is satisfied and the two polarization states E,, and ¥ E",

E,, of the (w, k) plane-wave become mutually orthogonal.




Solution to Problem 2)

a) kD] = (w/c)Jue, = kD = (w/c)/pe,(sinO% — cosb 2). (1)
k®| = (w/) e, = k© = (w/c)Juye,(sinf' x — cos ' 2). (2)

b) Maxwell’s boundary conditions require that E, H,, D, and B be continuous at the interface.
Each field has a phase-factor e!®" "~ ®8 which reduces to e!*x**kyY =©@1 when the interfacial
plane is chosen to be the xy-plane at z = 0. Since the continuity conditions pertain to the fields
immediately above and immediately below the interface at all times ¢, the frequencies of the
incident, reflected, and transmitted beams must be identical. In particular, the frequency of the
transmitted beam must be the same as the frequency w of the incident beam.

Similarly, the continuity conditions are satisfied for all values of the coordinate y at the
interfacial plane if and only if the k,, values of the incident, reflected, and transmitted beams are
identical. Since our choice of xz as the plane of incidence automatically sets the k, component
of kW to zero, we conclude that the k, components of k™ and k® must be zero as well.

Finally, the satisfaction of the boundary conditions for all values of the coordinate x at the
interfacial plane requires that the k, values of the incident, reflected, and transmitted beams be

identical. In particular, setting k,gi) = k,Et), we find from Egs.(1) and (2) that the angles 6 and 6’
must be related as follows:

(w/c)\J g€, sin0 = (w/c)\/upe, sin@’ —  sinf' = \/(uaea)/(ubeb) sin 6. 3)

¢) From V x E eilk'm-0t) = _(5/9¢) [uou(w)Hoei("'r'“’t)] we find k X E, = py,u(w)wH,,

which leads to (w/c)/p(w)e(w)R X E, = pou(w)wH, and, therefore, H, = \/e/uR X E,/ Z,.
For the incident plane-wave, this equation yields

HY = Je,/u, ®D X B /2,
=Z;Y/ e,/ u, (sin@ X — cos @ 2) X [E,S” cosOx + Es(i)? + ES) sin 6 2]

=7y €/ lha [Es(i) cosO X — E;i) (sin? 6 + cos? 6)y + EV sin6 2]
=7y '€/ lha [Es(i) cos 0% —EVy + EV sing 2] 4)
Similarly, for the transmitted plane-wave, we will have

HY = [e,/u, ®O x E® /7, = 271 e,/ 11, [Es(t) cosf'x — Eét)? +EY sing’ 2] (5)

d) In the absence of a reflected beam, the continuity conditions for E and H, of p-polarized
light become

EV=E® E;i) cosf = E,E” cosf'. (6)
’ See Egs.(4) and (5) ‘—) H}El) = H}Et) - e,/ U, Ezgl) =&/ Uy Ezst). (7)

Substituting for E,St) from Eq.(7) into Eq.(6), and recalling the relation between 8 and 6’ as
given by Eq.(3), we find



w1 —sin2 6 = \/ybsa/uaeb/b‘/gfx/l — sin2 6’
- 1—=sin®0 = (uye,/patp)[1 — (Uo€a/1pep) SIN? 0] - sind = «I 1 ; (Héjssa//:(;jb)' (8)
— \€a/¢cb

If u, = u,, we will have sin@ = /&, /(e, + &,), which leads to cos 8 = \/¢,/(g, + &) and

tan @ = \/&,/¢,. But this may also be written as tan 6 = \/u,¢&,/u,&, = n,/n,, which is the
well-known result associated with p-light incidence at Brewster’s angle when u, = p,.

e) In the case of an s-polarized incident beam, the reflected beam vanishes when the following
continuity conditions for E; and H  are satisfied:

EP =EP - EY=E" )
| See Eqgs.(4) and (5) |> H,Si) = H,St) - & U Es(i) cosB = ./&,/ U, Es(t) cos @’ (10)

Substituting for Es(t) from Eq.(9) into Eq.(10), and recalling the relation between 8 and 8’ as
given by Eq.(3), we find

(a/1a)(1 —sin? 8) = (&,/u,) (1 —sin? @)

= G/ iae) (L= sin?0) = 1= (ue /e sint 0 — sing = [PEi (1)
a~ Hp/ca

At optical frequencies, ordinary materials have u, = u, = 1, which does not allow for the
existence of a Brewster’s angle for s-polarized light. However, whenever u, # p,, if Eq.(11)
yields an acceptable value for the angle 0 (i.e., an angle in the range of 0° to 90°), then such a
Brewster angle for s-light would exist. If it so happens that ¢, = ¢, while u, # u,, we will have

sin@ = ./u,/(u, + 1), which leads to cos 8 = /u,/(u, + 1) and tan 8 = /p, /pu,. Once again,
this may be written as tan 8 = \/u, &,/ U, = N, /N,, as was the case for p-polarized light.
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