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Opti 501 2" Midterm Exam (10/25/2018) Time: 75 minutes

Please write your name and ID number on all the pages, then staple them together.
Answer all the questions.

Note: Bold symbols represent vectors and vector fields.

Problem 1) a) Write Maxwell’s equations in their standard form in the Fourier domain. All the
sources and all the fields must be expressed as functions of (k, w).

b) Eliminate the fields D(k, w) and B(k, ) from the equations, then solve the equations for
E(k,w) and H(k, w) in terms of the sources.

c¢) Identify the contributions of the various sources to the E and H fields. For instance, identify
the mathematical expression in which the free charge density appears in the formulas for the
E field and/or the H field, and the expression for the bound magnetic current-density, etc.

Hint: The vector identity A X (B X C) = (A C)B — (A - B)C will be useful.

Problem 2) a) Find the Fourier transform of the 2-dimensional function f(x,y) = circ(r),

where circ(r) equals 1.0 when r < 1, and 0.0 when r > 1. Here r = \/x? + y? is the radial
coordinate in a 2-dimensional polar coordinate system.

Hint: The Fourier transform turns out to be a function of the magnitude k of the 2-dimensional k-vector, namely,
|k| = |kxX + k,¥|. The Fourier kernel k -  in this 2-dimensional problem is initially written as k,x + k,y.

J7™ exp(iB cos ¢) dg = 21/, (); [ %Jo()dx = xJ; (x).
Jo () and J; (+) are Bessel functions of the first kind, orders 0 and 1, respectively.

b) Find the Fourier transform of the scaled function a™2f (x/a,y/a) = a~?circ(r/a), where a
is a positive real constant.

¢) In the limit when a — 0, the function a~2circ(r/a) approaches a 2-dimensional §-function
that is equivalent to ©8(x)8(y). What is the (2-dimensional) Fourier transform of this §-
function obtained in part (b) in the limit when o — 07?

(x/2)% | (/25  (x/2)7
TP 2131 34l

Hint: The Taylor series expansion J; (x) = %x + --- indicates that, for small x, J, (x) = %x,

Problem 3) The solid sphere of radius R depicted on the right-hand
side is filled with a permanently magnetized material whose
magnetization distribution is specified as M(r,t) = M,r/R.

a) Find the Fourier transform M (k, w) of the magnetization
distribution M(r,t).
Hint: fon sin 6 cos 8 exp(%i{ cos 8) d8 = +2i [sin({) — { cos({)]/ 3.

f[fo(( sin¢ — {? cos¢)d{ = 3sin{, — 3¢, cos {, — {? sin{,.

b) Considering that the bound electric current-density associated with magnetization is given by
] (e) (r,t) = u; 'V x M(r,t), determine the Fourier transform J (e) (k, w) of the bound

bound . o bound
current-density inside the sphere.
--- continued on the next page
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¢) Show that the magnetic B-field, B(r,t), is zero everywhere (i.e., inside as well as outside the
sphere.)

d) Find the magnetic H-field, H(r,t), inside the sphere.

Problem 4) The solid sphere of radius R depicted on the right-hand side is
filled with a permanently polarized material whose polarization distribution
is specified as P(r,t) = P,r/R.

a) Find the Fourier transform P(k,w) of the polarization distribution
P(r,t).

Hint: If you have already solved Problem 3(a), you may use the same result here, albeit
with P, substituted for M,. If not, proceed to calculate the Fourier transform with the aid of
the following integrals, then use the result in Problem 3(a) — after substituting M, for P,.

fon sin 8 cos 8 exp(+i{ cos 8) d§ = +2i[sin({) — { cos({)]/>.
fozo(( sin{ — {? cos¢)d{ = 3sin{, — 3{, cos {, — ¢? sin{,.

b) Considering that the bound electric charge-density associated with polarization is given by

péi?md(r, t) = —V - P(r,t), determine the Fourier transform p'® (k,w) of the bound

. o bound
charge-density inside the sphere.

¢) In terms of P,, R, k, w, and &,, write an expression for the Fourier transform E(k, w) of the E-
field distribution throughout the entire spacetime.

d) Use inverse Fourier transformation to find the E-field E(r, t) in the spacetime domain.

w —-nr3/2; r <R,

2 . _ . . _
Hint: j [(kR)% sin(kR)+3(kR) cos(kR)k43 sin(kR)][sin(kr)—kr cos(kr)] dk = —7'[7"3/4; r=R
k=0 0; r > R.
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