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Opti 501 1* Midterm Exam (9/28/2017) Time: 75 minutes

Please write your name and ID number on all the pages, then staple them together.
Answer all the questions.

Note: Bold symbols represent vectors and vector fields.

Problem 1) The E-field of a plane-wave propagating in free space is written as follows:

E(r,t) = exp(yt — B1x — By — B32)
X [Acos(ax + ayy + a3z — w,t + @,) — Bsin(a;x + a,y + a3z — w,t + @p)].

In the above expression, @ = A1 X + &, + a3Z, f = [1X + (27 + 32, A = A1 X + A,y + A32,
and B = B,X + B,y + B3Z are constant real-valued vectors, whereas the parameters y, w,, @ ,
and ¢y are constant real-valued scalars. By comparing the above expression with the complex
representation of the same E-field, namely, E(r,t) = Real{E, exp[i(k - r — wt)]}, identify the
complex-valued E, k, and w.

Problem 2) The static current-density J;...(7) resides in free space; all other sources of the
electromagnetic field are absent, that iS, pyee(r,t) = P(r,t) = M(r,t) = 0. In the (p, @, z)
cylindrical coordinate system, the resulting B-field is written

B(r) = By{(pz/z5)P — [(p/po)? — 112} expl—(p/po)? — (2/2,)?],
where B,, p,, and z, are arbitrary constants.
a) Show that the above B-field satisfies Maxwell’s 4™ equation, that is, V - B(r) = 0.

b) Use Maxwell’s 2™ equation, V X H(Tr) = J;e.(T), to determine the free current-density
J oo (T) that has given rise to the specified B(r).

c) Show that the charge-current continuity equation is satisfied everywhere, that is, in the
absence of Py (1, t), confirm that V - J;... (1) = 0.

Problem 3) The static charge-density py...(r) resides in free space; all other sources of the
electromagnetic field are absent, that is, Jg..(r,t) = P(r,t) = M(r,t) = 0. In the (1,0, ¢p)
spherical coordinate system, the resulting E-field is written

E(r) = EO[Z(r/rO) sin@ 7 — (r,/r)cos 6 a] exp[—(r/1)?],

where E, and 7, are arbitrary constants.
a) Show that the above E-field satisfies Maxwell’s 3™ equation, thatis, V X E(r) = 0.

b) Use Maxwell’s 1% equation, &V - E(T) = pe.(T), to determine the free charge-density
Prree (1) that has given rise to the specified E(r).

¢) Find the total charge by integrating p,... (1) over the entire space.

Hint: [* x2 exp(—x?) dx = V7/4; Jy x* exp(—x?) dx = 3vm/8. (G&R 3.461-2)
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Problem 4) a) Write Maxwell’s equations in their standard differential form. Also write the
standard expressions for the displacement field D(r,t) and the magnetic induction B(r,t) in
terms of the E and H fields as well as the polarization P(r,t) and magnetization M(r, t).

b) Eliminate the E and H fields from Maxwell’s equations, leaving only the D and B fields.

c) Explain the type of fotal charge-density and fotal current-density that appear in Maxwell’s
equations when they are written as in part (b). Pay particular attention to the units (i.e.,
dimensions) of the various entities.

d) Derive an alternative version of Poynting’s theorem in which the electromagnetic energy flux
is defined as S(r,t) = c?D(r,t) X B(r,t). In accordance with this alternative form of
Poynting’s theorem, identify the corresponding field energy-densities and the exchange rate
of electromagnetic energy with material media.
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Appendix B

Vector Identities
A-B=B-A
A (B+C)=A-B+A-C
AxB=-Bx A
Ax(B+C)=AxB+ AxC
(A+B)xC=AxC+BxC
A-(BxC)=B-(CxA)=C-(AxB)
Ax(BxC)=(A-C)B—(A-B)C
(AxB)-(CxD)=(A-C)(B-D)-(A-D)(B-C)

V- (VxA)=0

VxWVy)=0

V-yAd)=Vy) A+yV-A
Vx(wA)=Vy)xA+yVxA

V- (AxB)=B-VxA)—A-(V xB)
Vx(VxA)=VV-A)-V’4
V(A-B)=(A-V)B+(B-V)A+ Ax(V xB)+ Bx(V x A)
Vx(AxB)=AV -B)-B(V -A)+(B-V)A—-(A-V)B
If r is a point in 3-dimensional Euclidean space, then
va/ir)=—r/|r|

V-(r/|r|)=475(r)
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Appendix C

Vector Operations in Cartesian, Cylindrical, and Spherical Coordinates

Cartesian (x, y, z): Vy = W X+ é)wj; + W Z

ox oy oz

OA, 04, OA,
= + +

V-A
ox Jdy Oz
04 OA
Vx A = dd, o4, P A, 04, e v OA, P
Jy Oz oz  Ox ox Oy

o’ o° o°
Vi = 1,/2/ + '/; + ‘/2/
ox- oy~ oz

g oy . Oy » Oy .
Cylindrical (p, ¢, z): Vi = + + z
y (p,9.2) 7 P p p5¢¢ .

_d(pA,) N A, L 94,
pop  pop Oz

0A oA - 2(pA OA
vl P ) (P4, 4.5 1 (pd,) 4, ;
poPp Oz Jz  Op p\  dp op

V-A

2y - ANpoyldp) , Oy | Iy
pop pop® oz

Spherical (r, 8, §): vy=Vi Ve, 1 vy
or rod  rsin@ ¢

B 0”(r2Ar)+ 1 é’(sin@Ag)+ 1 Jd4,
r’or  rsinf o6 rsin@ op

VAo ! osinb4,) o4y, ! 04, Ay )5 1(00d) oA, P
rsind o0 op rsin@ o¢ ror r\ or o0

V-A

, O owlor) 1 A(sin@y/o0) 1 oy
V W: 2 + 2 . + 2 - 2 2
ror r-siné o6 resin“@ o
2 2
Note that -2 fl///ﬂr) _Z (”/2/)
reor ror
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