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Opti 501 Final Exam (12/17/2019) Time: 2 hours 
Please write your name and ID number on all the pages, then staple them together. 

Answer all the questions. 
Note: Bold symbols represent vectors and vector fields. 
 
Problem 1) A solid spherical particle of radius 𝑅𝑅, volume 𝑣𝑣 = 4𝜋𝜋𝑅𝑅3 3⁄ , and uniform polarization 
𝑃𝑃0𝒛𝒛� (corresponding to an electric dipole moment 𝓹𝓹0 = 𝑃𝑃0𝑣𝑣𝒛𝒛�), is centered at the origin of 
coordinates in free space, producing an electric field inside and outside the sphere, as follows: 

 𝑬𝑬(𝒓𝒓) = �
− 𝑃𝑃0𝒛𝒛�

3𝜀𝜀0
;                                                        𝑟𝑟 < 𝑅𝑅,

𝓅𝓅0
4𝜋𝜋𝜀𝜀0𝑟𝑟3

�2 cos 𝜃𝜃 𝒓𝒓� + sin 𝜃𝜃 𝜽𝜽��;                𝑟𝑟 > 𝑅𝑅.
 

a) Show that the integral of the 𝐸𝐸-field outside the sphere (i.e., in the region 𝑟𝑟 > 𝑅𝑅) equals zero. 
(This result will be useful later on, when you’ll argue that the average 𝐸𝐸-field produced by a 
large number of randomly distributed spherical dipoles outside the spheres can be set to zero.) 

b) Let the particle be linearly polarizable with a polarizability coefficient 𝜁𝜁, so that, in the 
presence of a constant, uniform, externally-applied electric field 𝐸𝐸0𝒛𝒛�, the particle’s electric 
dipole moment is given by 𝓹𝓹0 = 𝜁𝜁𝐸𝐸0𝒛𝒛�. What are the units (or dimensions) of 𝜁𝜁? 

c) A large number of identical spherical particles are 
randomly distributed throughout free space, and a 
constant, uniform electric field 𝐸𝐸0𝒛𝒛� is applied. The 
particles have radius 𝑅𝑅, polarizability coefficient 𝜁𝜁, 
and number-density 𝑁𝑁 (i.e., number of particles per 
unit volume is 𝑁𝑁). What volume fraction of space do 
the particles occupy? What is the average 𝐸𝐸-field 
within a unit volume of space? 

d) Considering that the spatially-averaged polarization 
over a unit volume of space is 〈𝑷𝑷(𝒓𝒓)〉 = 𝑁𝑁𝑁𝑁𝐸𝐸0𝒛𝒛�, and 
that you have already found an expression for the 
average 𝐸𝐸-field (over a unit volume) in part (c), what is the dielectric susceptibility 𝜒𝜒𝑒𝑒 of this 
“gas” of identical (spherical) particles? 

e) Generalize the result obtained in part (d) to the case where the gas is a mixture of spherical 
particles of radii 𝑅𝑅1, 𝑅𝑅2,⋯ , 𝑅𝑅𝐾𝐾, polarizability coefficients 𝜁𝜁1, 𝜁𝜁2,⋯ , 𝜁𝜁𝐾𝐾, and number-densities 
𝑁𝑁1,𝑁𝑁2,⋯ ,𝑁𝑁𝐾𝐾. 

f ) Compare the results of this problem with the Clausius-Mossotti correction to the Lorentz 
oscillator model by pointing out the similarities and differences between the two. 

Hint: In spherical coordinates, 

 𝒓𝒓� = sin 𝜃𝜃 cos 𝜑𝜑 𝒙𝒙� + sin 𝜃𝜃 sin𝜑𝜑 𝒚𝒚� + cos 𝜃𝜃 𝒛𝒛� 

 𝜽𝜽� = cos 𝜃𝜃 cos 𝜑𝜑 𝒙𝒙� + cos 𝜃𝜃 sin 𝜑𝜑 𝒚𝒚� − sin 𝜃𝜃 𝒛𝒛�, 

 𝝋𝝋� = −sin𝜑𝜑 𝒙𝒙� + cos𝜑𝜑 𝒚𝒚�. 

𝐸𝐸0𝒛𝒛� 
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Problem 2) A p-polarized plane wave, having frequency 𝜔𝜔, 
arrives at oblique incidence at the interface between a transparent 
medium of refractive index 𝑛𝑛1(𝜔𝜔) and a second transparent 
medium of refractive index 𝑛𝑛2(𝜔𝜔). It is assumed here that 
𝜇𝜇1(𝜔𝜔) = 𝜇𝜇2(𝜔𝜔) = 1, and that both 𝜀𝜀1(𝜔𝜔) and 𝜀𝜀2(𝜔𝜔) are real-
valued and greater than 1. In the 𝑥𝑥𝑥𝑥 plane of incidence, the 
incidence angle is 𝜃𝜃, and the incident 𝐸𝐸-field is 𝐸𝐸0𝑥𝑥

(i)𝒙𝒙� + 𝐸𝐸0𝑧𝑧
(i)𝒛𝒛�. To 

simplify the notation, you may use 𝑐𝑐 = 1 �𝜇𝜇0𝜀𝜀0⁄  for the speed of 
light in vacuum, 𝑍𝑍0 = �𝜇𝜇0 𝜀𝜀0⁄  for the impedance of free space, 
and 𝑘𝑘0 = 𝜔𝜔 𝑐𝑐⁄  for the vacuum wave-number associated with each 
plane-wave. 

a) Invoking Snell’s law and the dispersion relation 𝒌𝒌 ∙ 𝒌𝒌 = 𝑘𝑘2 = 𝑘𝑘02𝑛𝑛2(𝜔𝜔), identify the 𝑘𝑘-vectors 
𝒌𝒌(i), 𝒌𝒌(r), and 𝒌𝒌(t) of the three plane-waves. 

b) Use Maxwell’s first equation to relate 𝐸𝐸0𝑧𝑧 of each plane-wave to the corresponding 𝐸𝐸0𝑥𝑥, the 
incidence angle 𝜃𝜃, and the refractive indices 𝑛𝑛1 and 𝑛𝑛2. 

c) Use Maxwell’s third equation to express 𝑯𝑯0
(i), 𝑯𝑯0

(r), and 𝑯𝑯0
(t) in terms of the corresponding 

𝐸𝐸0𝑥𝑥, the incidence angle 𝜃𝜃, the free-space impedance 𝑍𝑍0, and the refractive indices 𝑛𝑛1 and 𝑛𝑛2. 

d) Match the boundary conditions at the interfacial plane at 𝑧𝑧 = 0 to arrive at Fresnel’s formulas 
for the reflection coefficient 𝜌𝜌𝑝𝑝 = 𝐸𝐸0𝑥𝑥

(r) 𝐸𝐸0𝑥𝑥
(i)�  and transmission coefficient 𝜏𝜏𝑝𝑝 = 𝐸𝐸0𝑥𝑥

(t) 𝐸𝐸0𝑥𝑥
(i)� . 

e) Find the formula for the Brewster angle 𝜃𝜃𝐵𝐵, which is the incidence angle at which 𝜌𝜌𝑝𝑝 = 0. 

f ) Under what circumstances does total internal reflection (TIR) occur? In what ways do 𝑘𝑘𝑧𝑧
(t), 

𝐸𝐸0𝑧𝑧
(t), and 𝑯𝑯0

(t) change when 𝜃𝜃 goes from below to above the critical TIR angle 𝜃𝜃𝑐𝑐? 

g) Use the results obtained in parts (a) – (d) to relate the Poynting vector 𝑺𝑺(t)(𝑥𝑥, 𝑧𝑧, 𝑡𝑡) of the 
transmitted plane-wave to 𝜃𝜃, 𝑛𝑛1, 𝑛𝑛2, 𝜔𝜔, 𝑘𝑘0, and 𝐸𝐸0𝑥𝑥

(t). (Hint: Cases where TIR does and does not 
occur require separate treatments.) 

h) In the case of total internal reflection, confirm that the time-averaged 𝑧𝑧-component of the 
transmitted Poynting vector would vanish, that is, 〈𝑆𝑆𝑧𝑧

(t)〉 = 0. 
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