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Opti 501 Final Exam (12/13/2016) Time: 2 hours 

Please write your name and ID number on all the pages, then staple them together. 
Answer all the questions. 

Note: Bold symbols represent vectors and vector fields. 
 
Problem 1) A homogeneous plane-wave of frequency 𝜔𝜔 is normally incident on a dielectric 
layer of thickness 𝑑𝑑 and refractive index 𝑛𝑛2, which is coated on a semi-infinite substrate of 
(complex) refractive index 𝑛𝑛3 = 𝑛𝑛 + i𝜅𝜅. The incidence 
medium is free space, and 𝜇𝜇(𝜔𝜔) = 1 for the dielectric 
layer and also for its substrate. Let us denote by 𝜌𝜌ℓ𝓂𝓂 and 
𝜏𝜏ℓ𝓂𝓂 the Fresnel reflection and transmission coefficients 
at the interface between the incidence medium ℓ and the 
transmission medium 𝓂𝓂. 
a) Write expressions for the Fresnel reflection and 

transmission coefficients 𝜌𝜌12, 𝜏𝜏12, 𝜌𝜌21, 𝜏𝜏21, 𝜌𝜌23, 𝜏𝜏23 
at normal incidence. 

b) Write a self-consistency equation for the 𝐸𝐸-field 
amplitude 𝐸𝐸0

(a) of the downward propagating plane-
wave inside the dielectric layer. Solve the equation to 
obtain an expression for 𝐸𝐸0

(a) 𝐸𝐸0
(i)� . 

c) Write an expression relating 𝐸𝐸0
(t) to 𝐸𝐸0

(a), then determine the overall transmission coefficient 
𝐸𝐸0

(t) 𝐸𝐸0
(i)� . 

d) Write an expression relating 𝐸𝐸0
(r) to 𝐸𝐸0

(i) and 𝐸𝐸0
(a), then determine the overall reflection 

coefficient 𝐸𝐸0
(r) 𝐸𝐸0

(i)� . 

e) Show that the dielectric layer will have no effect on the reflectivity of the substrate if the layer 
thickness 𝑑𝑑 happens to be an integer-multiple of half wavelength, namely, 𝑑𝑑 = 𝑚𝑚𝜆𝜆0 (2𝑛𝑛2)⁄ , 
where 𝑚𝑚 is an arbitrary integer and 𝜆𝜆0 = 2𝜋𝜋𝜋𝜋 𝜔𝜔⁄  is the vacuum wavelength. 

 
Problem 2) A homogeneous plane-wave of frequency 𝜔𝜔 
propagates inside a linear, homogeneous, isotropic, transparent, 
non-magnetic medium of refractive index 𝑛𝑛0(𝜔𝜔). The beam 
arrives at the flat interface with a second linear, isotropic, 
homogeneous medium. The incident beam is 𝑝𝑝-polarized with 
𝐸𝐸-field amplitude 𝑬𝑬p

(i), the incidence angle is 𝜃𝜃, and the Fresnel 
reflection coefficient at the interface is 𝜌𝜌p = |𝜌𝜌p| exp(i𝜑𝜑p). 

a) Write expressions for the incident and reflected 𝑘𝑘-vectors, 
𝐸𝐸-fields, and 𝐻𝐻-fields in the region 𝑧𝑧 > 0. 

b) Find the time-averaged Poynting vector 〈𝑺𝑺(𝒓𝒓, 𝑡𝑡)〉 for both incident and reflected beams in 
terms of 𝐸𝐸p

(i), 𝜌𝜌p, 𝑛𝑛0, and 𝜃𝜃. 
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Problem 3) A homogeneous plane-wave of frequency 𝜔𝜔 
propagating within a linear, homogeneous, isotropic, 
transparent, medium of refractive index 𝑛𝑛0 arrives at the flat 
interface with a second linear, isotropic, homogeneous, non-
magnetic medium of (complex) refractive index 𝑛𝑛 + i𝜅𝜅. The 
incident beam is 𝑠𝑠-polarized with 𝐸𝐸-field amplitude 𝑬𝑬s

(i), the 
incidence angle is 𝜃𝜃, and the Fresnel transmission coefficient 
at the interface is 𝜏𝜏s = |𝜏𝜏s| exp(i𝜑𝜑s). 

a) Write expressions for the transmitted 𝑘𝑘-vector, 𝐸𝐸-field, 
and 𝐻𝐻-field in the region 𝑧𝑧 < 0. 

b) Find the time-averaged Poynting vector 〈𝑺𝑺(𝒓𝒓, 𝑡𝑡)〉 for the transmitted beam in terms of 𝐸𝐸s
(i), 𝜏𝜏s, 

𝑛𝑛0, 𝑛𝑛, 𝜅𝜅, and 𝜃𝜃. 
 
Problem 4) An infinitely long, thin wire aligned with the 𝑧𝑧-
axis is uniformly magnetized along 𝑧𝑧. The magnetic dipole 
moment per unit-length of the wire is specified as 𝑚𝑚0𝒛𝒛�. 

a) Find the bound electric charge-density 𝜌𝜌bound
(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) and the 

bound electric current-density 𝑱𝑱bound
(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) of the wire. 

b) Determine the scalar and vector potentials of the wire in the 
surrounding space, using the following standard (Lorenz 
gauge) formulas: 

 𝜓𝜓(𝒓𝒓, 𝑡𝑡) = 1
4𝜋𝜋𝜀𝜀o

� 𝜌𝜌total
(𝑒𝑒) �𝒓𝒓′,   𝑡𝑡−|𝒓𝒓 – 𝒓𝒓′| 𝑐𝑐⁄ �

|𝒓𝒓 – 𝒓𝒓′|
d𝒓𝒓′

∞

−∞
, 

 𝑨𝑨(𝒓𝒓, 𝑡𝑡) = 𝜇𝜇o
4𝜋𝜋
� 𝑱𝑱total

(𝑒𝑒) �𝒓𝒓′,   𝑡𝑡−|𝒓𝒓 − 𝒓𝒓′| 𝑐𝑐⁄ �
|𝒓𝒓 − 𝒓𝒓′|

d𝒓𝒓′
∞

−∞
. 

c) Find the electric and magnetic field distributions, 𝑬𝑬(𝒓𝒓, 𝑡𝑡) and 𝑯𝑯(𝒓𝒓, 𝑡𝑡), in the space surrounding 
the wire. 

Hint: � d𝑧𝑧
(𝛼𝛼+𝑧𝑧2)3 2⁄ = 𝑧𝑧

𝛼𝛼√𝛼𝛼+𝑧𝑧2
 ,          (G&R 2.264-5). 
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