Opti 501 Written Comprehensive Exam (Fall 2015)

Solution to Problem 1)

a) In the continuity equation, J, a function of the spacetime coordinates (r,t), is the current-
density (units: ampere/m?), while p, also a function of (r, t), is the electric charge-density (units:
coulomb/m®). The divergence of current-density, V- J, is the normalized rate of outflow of
electric charge from a tiny closed surface surrounding the point 7 at time t; the normalization is
by the volume Av trapped within the closed surface. If the continuity equation is multiplied by
Av, the second term becomes d[p(r,t)Av]/dt, which is the time-rate of change of the total
electric charge residing within the closed surface. Thus, when the net flux of current out of the
surface is positive, the total enclosed charge must decline. The opposite happens when the net
flux of the current out of the closed surface is negative.

b) In the absence of P(r,t) and M(r,t), Maxwell’s equations are written

&V E(1,t) = pree (T, 1), (1a)

VX H(r,t) = Jeee (1, t) + €g0E(r, t) /0t, (1b)
VX E(r,t) = —u,0H(r,t)/ot, (1c)
V-H(rt) =0. (1d)

Applying the divergence operator to Eq.(1b), we will have
V- [VXH(r t)] =V Jree(r,t) + [V - E(r,0)]/0t. )

Considering that the divergence of the curl of any vector field is always equal to zero, and that
the bracketed term on the right-hand-side of Eq.(2) is the same as the expression appearing on
the left-hand-side of Eq.(1a), we may rewrite Eq.(2) as follows:

v ']free(r’ t) + a.Dfree (1‘, t)/at = 0. (3)

This, of course, is the charge-current continuity equation for free charges and currents.

c) The bound electric charge-density is the negative of the divergence of polarization, that is,

pbound(r: t) =-=V-P(r,t). (4)

The bound electric current-density consists of two terms, one arising from the time variation of
polarization, the other from the curl of magnetization, that is,

Joound (T, t) = OP(r,t) /0t + g 'V x M(r,t). ()

The continuity equation for bound charge and bound current is the same as that for free charge
and free current, namely,

v ']bound(r' t) + apbound(rr t)/at = 0. (6)

d) In the absence of pgree and Jiree, Maxwell’s equations are written



V-D(rt) =0, (7a)

Vx H(r,t) = 0D(r,t)/0t, (7b)
VX E(r,t) = —-0B(r,t)/0t, (7¢)
V-B(r,t) =0. (7d)

In the above equations, D = ¢,E + P is the displacement, while B = yyH + M is the magnetic
induction. Differentiating Eq.(7a) with respect to time, we find

V- (eE+P)/ot=0 — 0 (V-gE)/dt=—0(V-P)/ot
- &V 0E(r,t)/0t = 0 ppouna(r, t)/0t. (8)
The second of Maxwell’s equations may be written in terms of the E and B fields as follows:
VXB=VXM+ u,d(eyE + P)/0t. 9)
Applying the divergence operator to the above equation, we will have
V- (VXB)=V-(VXM+ pu,0P/0t) + uye,V - (OE/0t). (10)

Considering that the divergence of the curl of any vector field is always equal to zero, and that
the last term on the right-hand-side of Eq.(10) may be replaced from Eq.(8), we will have

V- (uy'V X M+ dP/0dt) + dppouna/0t = 0. (11)

This, of course, is the charge-current continuity equation for bound charges and currents.




Solution to Problem 2) In the air, where the refractive index is essentially equal to 1.0, we have
k =k,zZ=+(w/c)z, and the E-field to H-field amplitude ratio is E,/Hy = Zy = +/ o/ Eo-

a) Incident beam:  ED(r,t) = E,x exp{i[—(w/c)z — wt]}, (1a)
HO(r,t) = —(Eo/Zo)y exp{i[—(w/)z — wt]}. (1b)
Reflected beam: E®(r,t) = pEsx expfi[(w/c)z — wt]}, (2a)
HY (r,t) = (pEo/Z0)y expil(w/c)z — wt]}. (2b)
Transmitted beam:  E®(r,t) = tE X exp{i[—(w/c)z — wt]}, (3a)
HO(r,t) = —(t Eo/Zo) expli[—(w/c)z — wt]}. (30)
Inside the slab: EX(r,t) = aEyX exp{i[—(nw/c)z — wt]}, (4a)
H®(r,t) = —(anE,/Zy)y expfi[—(nw/c)z — wt]}. (4b)
E® (r,t) = bEyx exp{i[(nw/c)z — wt]}, (5a)
H® (r,t) = (bnE,/Z)y expli[(nw/c)z — wt]}. (5b)

b) At the top of the slab, where z = 0, we have

Continuity of E;:  Ey + pEy = aEy + bE|. (6a)
Continuity of Hy: Zg'(—E, + pEy) = Z5 ' (—anE, + bnky). (6b)

At the bottom of the slab, where z = —d, we have

Continuity of E:  aE, exp(inwd/c) + bE, exp(—inwd/c) = tE, exp(iwd/c). (7a)
Continuity of H,:

Zy Y [—anE, exp(inwd/c) + bnE, exp(—inwd/c)] = —Zy11E, exp(iwd /). (7b)

c) Equations (6) and (7) may now be solved to determine the coefficients a, b, p, T, as follows:

1+p=a+b, (8a)
1—p=(a—b)n, (8b)
aexp(inwd/c) + b exp(—inwd/c) = texp(iwd/c), (8¢c)
an exp(inwd/c) — bnexp(—inwd/c) = texp(iwd/c). (8d)
From the above equations we find

1-p 1-(b/a)
T+p [1 + (/)] (9a)
g = (Z—:) exp(i2nwd/c). (9b)
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Substituting from Eq.(9b) into Eg.(9a), then solving for p, we arrive at

1-p _ [1—[(n—1)/(n+1)] exp(iand/c)] N _ [(m-1)/(n+1D)][1 - exp(i2nwd/c)] (10)
1+p - 1+[(n—-1)/(n+1)] exp(i2nwd/c) [(n-1)/(n+1)]2 exp(i2nwd/c) — 1

Subsequently, the Fresnel transmission coefficient 7 is obtained from Eq.(8c) with the aid of
Egs.(8a) and (8b), as follows:

texp(iwd/c) = (a+ b) cos(nwd/c) + i(a — b) sin(nwd/c)
- 1= [(1+ p)cos(nwd/c)+in"1(1 — p) sin(nwd/c)] exp(—iwd/c). (11)

In the above expressions for p and 7, one may replace (nwd/c) with (2mnd/A,), where A, is
the incident beam’s vacuum wavelength.

d) With reference to Eq.(10), the reflectance will be zero when exp(i2nwd/c) = 1. This
happens when nwd/c becomes an integer-multiple of m, or, equivalently, when 2nd/A,
becomes an integer. Thus, when the thickness of the slab is an integer-multiple of half-
wavelength within the dielectric, i.e., 1,/2n, the reflectance of the slab precisely equals zero.

e) From symmetry of Eq.(10), the maximum reflectance must occur halfway between adjacent
minima. Thus when the thickness d is an odd-multiple of a quarter-wavelength within the
dielectric, i.e., 1o/4n, we will have exp(i2nwd/c) = —1, at which point the reflectance will be

a maximum, that is,
2 n-1\2 n-1\2]>
Rumax = lp1” = 4 (35) /[”(m) ] - (12)

Note: To see the symmetry of Eq.(10), start the phase-angle (2nwd/c) at an integer-multiple of
2w, and change it by +¢. You will find that the corresponding values of p are conjugates of each
other, and that, therefore, the corresponding values of R = |p|? are identical.
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