Opti 501 2" Midterm Solutions 10/25/2011

Problem 1) a) Because of symmetry, the H-field cannot z
depend on x or z Take a rectangular loop ¢xx¢y parallel to the T/
xy-plane and write the integral form of Ampere’s law,

V xH = J., for this loop. The contributions of ¢, to the loop

integral cancel out, leaving only the contributions of ¢x on =
opposite sides of the current sheet. Therefore, 2Hylx= Jsolx, A ’ >y
where Jso¢x is the current crossing the loop. The magnitude of

the H-field is thus independent of y, although its direction /
depends on whether y is positive or negative. Taking the
right-hand rule into account, the final result is

H(r,t) :—%sign(y) I, X.

Note: Using symmetry and Maxwell’s 4™ equation, V-B =0, it is easy to see why Hy must be
zero everywhere: Take a cylinder whose axis is parallel to y and which the xz-plane cuts in the
middle, then use the fact that the net flux of H into or out of the cylinder must be zero. Similarly,
Maxwell’s 2" equation can be used to show that H; is independent of y; the argument parallels
that used above to evaluate Hy, except that the rectangular loop is now chosen in the yz-plane.
Since H; is already known to be independent of x and z we conclude that it must be constant
through the entire space. Showing that H; is identically zero, however, requires the full solution
of Maxwell’s equations, which is done in part (b).

b) Fourier transforming the current density J(r,t) = Js,8(y) Z yields
J(k,w) = J'_OO J,0(y) Zexp[—i(k-r —wt)]drdt = (27T)3~]so5(kx) (k) o(w)z.

The H-field is thus given by

H(r,t) = 13 'B(r,t) = 11, x A(r,t) = (27) ™ ji—';f?gjcg‘? expli(k -1 — wt)]dkdw
Cidy e (kxD) S(k)S(K)S(@)
=2 I_w (ol exp[i(k-r —ot)]dkdw
= 'ZJ; [ kyzixz exp(ik ) dk, = id % (27[)’1'[:;%[(1@&@ =~ Lsign(y) I, X

Problem 2) a) Because of symmetry, the E-field is independent of ¢ and z Take a cylinder of
radius p and height h, and write the integral form of Maxwell’s first equation, V - ¢, E = p,, for

this cylinder. The contributions to the integral of the top and bottom surfaces of the cylinder
cancel out, leaving only the contribution of the cylindrical side-wall, which is 2zph & E (p).

Therefore, 2zpheE (p) =27Rhog,, where the right-hand-side of the equation gives the total
electrical charge inside the cylinder of radius p, provided, of course, that p >R. Consequently,



E.(p)=Raoy/(pe,) when p>R and E,(p)=0 when p<R From
Maxwell’s 3" equation, VxE =0, we conclude that E,;=0,
otherwise a circular loop of radius p, parallel to the xy-plane and
centered on the z-axis, will have a nonzero line integral. As for E,,
consider the rectangular loop ¢,x¢, shown in the figure. The
contributions of ¢, to the line-integral of the E-field around the
loop cancel out because E, is independent of z For the
contributions of the vertical legs, ¢, to also cancel out, it is

necessary for E; to be independent of p. We thus see that E, must
be constant through the entire space. In fact, because of the

V4
-
TN l,
e
h :
e
)/

system’s up-down symmetry, it is not difficult to see that E, must be identically zero everywhere:
There is as much reason for the E-field to point up as there is for it to point down. Therefore

E,=0 and we have

Ro.,/ ; R,
E( t) {(0 O- gOp)p p >
; P<R

b) The Fourier transform of the electric charge-density, p(r,t) = ox0(p—R), is given by

p(k,) = 0,50~ R) expl-i(k-r —at)ldrdt
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- @Yo, 800)5(@) | [ 8(p-Riexp(-ik pcosdlpdpdg | pp=xi+yy

= (27YRoy, 6(k) 8(e) | :”0 exp(-ikRcosg) dg

= (27)°Rog, 5(k,) 5(w) J (K R)-
The E-field is thus obtained as follows:
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E(r,t) =—Vy(r,t)=—(27) j
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