Opti 501 1** Midterm Solutions (9/28/2017) Time: 75 minutes

Problem 1)
E(r,t) =exp(yt —B-r)[Acos(a-r — w,t + ¢,) — Bsin(a-r — w,t + @;)]

=exp(yt—pB-r) {Real{A expli(a-r — w,t + @,)]} — Imag{B expli(a - r — w,t + (pB)]}}

=exp(yt—pB-r)
X {Real{A exp(ip,) expli(a - r — w,t)]} — Imag{B exp(ip;) expli(a-r — a)ot)]}}
=exp(yt—p-r)

X {Real{A exp(ip,) expli(a - r — w,t)]} + Real{iB exp(ip,) expli(a - r — a)ot)]}}
= exp(yt — B -r) Real{[A exp(ip,) + iB exp(ipy)] expli(a - r — w,t)]}
= Real{[A exp(ip,) + iB exp(ipp)] exp{i[(a + iB) - — (w, + iy)t]}}.

Comparison with the complex-valued E-field reveals that k = a + iff, w = w, + iy, and
E,=E, +iE] = Aexp(ip,) + iB exp(ipz) = (Acos ¢, — Bsin ) + i(Asing, + B cos ). If need
be, one may also solve the expressions of E; and E; for arbitrary values of ¢, and ¢ to obtain

A = (cosep)Eg + (sinp)Ey B = —Gin@wEy + (cosp)Eg
cos(pa — ¢B) ’ cos(p4 — ¢B) ’

Problem 2)

(pBy) 4 9B
pdp 0z

= B{2(z/z)[1 - (p/ps)?] + 2(2/2)[(p/ps)* — 11} exp[—(p/po)? — (2/2,)?] = 0.

a)V-B=

- _L (0B, 8B, ~
D) Sl = VX HO) = 150 x B = i (22 - 22)

= ﬂo_lBo(p/pg){(po/Zo)z[l - Z(Z/Zo)z] - 2(p/p0)2 + 4}
X exp[_(p/po)z - (Z/Zo)z] ‘,p

¢) As expected, V - J .o (r) = 0, which is consistent with the charge-current continuity equation
for a static system where 0py.../0t = 0. The divergence of J;... may, of course, be evaluated
directly from the above expression. However, since Jq... = V X H and the divergence of curl is
always zero, we readily conclude that V - J;... = 0.

Problem 3)

d(TEyp) _ %
or a0

= (E,/m)[2(r/7,) cos 8 — 2(r/1,) cos 0] exp[—(r/1,)*] § = 0.

a) |7><E(r)=%[

— 2 .
| @ = 2{—r, cos o L] — 2/ expl—(r /)21 55} @

00

a(r2Ey) 1 9(sin 959)]
r20r rsin@ a0

b e =&V E@) =4 |



_ a 3 _ 21 . _ (ro/7) exp[=(r/r0)*] 3(sin 6 cos 6)
= &E, {rzar 2(r°/r,) exp[—(r/1,)*] sin 6 — — }

(ro/7)? cos(26)
sin @

= (2.Eo/1,) {2[3 — 2(r/1,)?] sin 6 — Yexpl—(r/m)?.

c) Q= f::o fenzo 2772 Sin 0 pee (1, 6)drd8
= 2nr,&,E, f:o f;T:O{Z(r/rO)ZB — 2(r/7,)?] sin? 8 — cos(20)} exp[—(r/7,)?] drd@

= 21%1,6,E, [, (r/1,)*[3 — 2(r/n,)*] exp[—(r/1,)*] dr

= 2n%rle,E, fooo(sz — 2xY) exp(—x?) dx = 2n%r¢,E, (# — g) =0.

The above result should be expected because, when r — oo, E(r) — 0 in such a way that the
integral of €,E(r) over the surface of an infinitely large sphere approaches zero. Consequently,
in accordance with Maxwell’s 1* equation, the total charge Q inside the (infinitely large) sphere
must vanish.

Problem 4)

a) In general, D = ¢;E + P and B = u,H + M. Maxwell’s equations in differential form are
written as follows:

VD = pree, (1)
VxH=];..+0D/ot, )
VxE=-0B/ot, (3)
V-B=0. 4)

b) Upon elimination of E and H, Egs.(1) and (4) remain intact, whereas Egs.(2) and (3) become
VX B = pty(Jiee + 13"V X M) + 1, D /0, )
VxD=¢g(s5VxP—0B/ot). 3)

c) From Eqgs.(1) and (4) we infer that, in the present formulation, the total electric charge-density

m) _

wora; = 0- The total electric current-

is pt(:t)al = Peree> While the total magnetic charge-density is p

density is seen from Eq.(2') to be ]Eft)a] = Jiree T 15 1V X M. Considering the charge-current

continuity equation, V- J + (dp/0dt) = 0, and that, according to a well-known vector identity,

V- (V x M) = 0, it is seen that no electric charge-density is associated with ]é?und = uy v x M.

Similarly, according to Eq.(3’), the magnetic current-density is ]t(gtlgl = E,Tjnd =g W XP.

As before, the charge-current continuity equation, V - J + (dp/dt) = 0, in conjunction with the
vector identity V- (¥ X P) = 0 implies that pggl = 0, in agreement with Eq.(4). Note that the

units of £, 1V X P are the same as those of dB/dt, namely, weber/(m? - sec), which is consistent
(m)

bound*

with the designation of &, 1V X P as the bound magnetic current-density J
d) Upon dot-multiplying Eq.(2") by D and Eq.(3") by B we will have
2



D-(VxB)=uD" Jgee + D (VXM)+p,D-(0D/01), (5)
B-(VxD)=B-(VxP)—¢,B-(dB/0t). (6)

Subtracting Eq.(6) from Eq.(5) and using the vector identity D - (VX B) — B-(V X D) =
V- (B X D) now yields

|7-(B><D)=%(1/z,u0D-D+1/zeoB-B)+u0D-]free+D-(|7><M)—B-(VXP). (7)

We multiply both sides of the above equation by ¢? = 1/(u,&,), then define the alternative
Poynting vector S(r,t) = c?D(r,t) X B(r,t), which has the units of Joule/(m? - sec), to arrive at

V-S+=(%e D D+ Y%u;'B-B)
+(D/&) " Utree + g 'V X M) — (B/1,) - (6517 x P) = 0. (8)

It is thus seen in the proposed formulation that the D-field energy-density is Y&, 1D - D,
while that of the B-field is You; B - B. The D-field exchanges energy with the electric current-

density ](e) at the rate of (D/s,) - ](e) whereas the B-field exchanges energy with the

total total?

magnetic current-density J (M) 2t the rate of —(B/uy) -] (m)

total total*®




