Opti 501 Final Exam Solutions 12/15/2015

Problem 1)
a) p(t) = —qx(t)x. Therefore,

L = E(t) - 2 = qulx,| Exg cos(wt) sin(wt — o). (1)
b) di’i{t(t) mv, (t) dv"(t) [dx(t)] [dzgt)] = mw3|xy|? sin(wt — @y) cos(wt — @q). (2)
c) %t(t) x(t) dx(t) = —aw|xy|? cos(wt — @y) sin(wt — @,). (3)
d) O _ p[#O] 2 go2ix,|2 sin(wt — o). (4)
o) 28O - Le, (1) + £5(8) + £,(1)]

= wl|x|? sin(wt — @,) [Mmw? cos(wt — @y) — a cos(wt — @q) + fw sin(wt — @q)]
= mw|x,|? sin(wt — @) [(w? — w3) cos(wt — @,) + yw sin(wt — @y)]. (5)

Now, according to the Lorentz oscillator model, we have

2_ 2
(q/m)Exo :(quo) (w*— w§) —iyw (6)

w?2- w2 +iyw (w2- wd)? + (yw)?'
0 0

|xo| exp(igo) =
Consequently,

%ol = (qExo/m)/y (@? — 0$)? + (yw)?; (7)
cos(9o) = (w? = W)/ (w? — w§)? + (Yw)?; (8)
sin(pp) = —yw/y/(w? - w))? + (yw)2. 9)

Equation (5) may now be rewritten, as follows:

cosacosb —sinasinb = cos(a+ b
Loal® — gy 2 sin(ot ~ o) | RILECECER]
A

X/ (w? — @)%+ (V‘U)Z[COS(‘PO) cos(wt — @q) — sin(@,) sin(wt — QDO)]
= qw|xg|Ex cos(wt) sin(wt — @). (10)
A comparison of Eq.(10) with Eq.(1) reveals that dE(t)/dt = d[Ek(t) + Ep(t) + E,(t)]/dt.

Problem 2)

a) Denoting the vacuum wave-number of the incident and reflected plane-waves by k, = w/c,
the incident E and H fields inside the glass prism are given by

E'(r,t) = Eg[(cos O X + sin 0 2) + iy] exp[i(nk,ysin @ x — nkycos 0z — wt)]. (1)
Hi(r,t) = (nZ—EO) [—y £ i(cosO X + sin 0 2)] exp[i(nk, sin @ x — nkycos 0 z — wt)]. (2)
0
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b) The reflected beam is similar to the incident beam, except that the signs of its k,, E,, H,, and
H,, are reversed, while its corresponding field amplitudes are multiplied by p,, and py, as follows:

E'(r,t) = E, [pp (cos 8 % — sin 6 2) + ips¥] exp[i(nk, sin @ x + nkgy cos 6 z — wt)].  (3)
H'(r,t) = (nZ—Eo) [pp? ¥ ips(cos 8 & — sin 6 2)] exp[i(nk, sin 0 x + nk, cos 6 z — wt)]. (4)
0

c) The dispersion relation in free space, namely, k? = k2 + kZ = k3 = (w/c)?, yields the
following value for the transmitted (evanescent) beam’s k,:

ki = —\k2 — k2 = —\JkZ — (nkq sin 0)2 = —iky/ (nsin )2 — 1. (5)

The components of the transmitted E-field are then found to be

Exo = TpEgic() = 1,E cos 6, (6a)

EJt’O = TSESi/O = ii‘L—sEO) (6b)
t _ _ kngtco __ nTpEpsinb cos 6

Ezo = K iv/(nsin@)2-1 (6c)

insin@ ~

vn?sinZ6-1 Z) + irsy]
X exp(kox/n2 sin20 — 1 Z) expli(nk, sin 0 x — wt)]. (7)

Et(r,t) = E, [‘L'p cos 6 (52 -

d VXEY(rt)=-0B%rt)/ot - Kk'XE)= wuyH}. (8)

powH§ = (nkysin@ x — ikyVn?sin? 6 — 12) X E, [‘L'p cosOX titgy — 9)

intp sin 0 cosBO ,\]
—_—Z.
Vn2sinZ6-1

Hi(r,t) = (g_z) I:i’[s(—\/nz sin?f —1Xx +insinf 2) + 1, (#5209—1) 3\’]

X exp(kox/n2 sin?6 — 1 Z) expli(nk, sin 0 x — wt)]. (10)
e) (S'(r,t)) = ¥eRe[E'(r,t) X H¥(1,t)]

= (E) Re [n sin 6 (Irsl2 + w) X t int,75sin(260) y

27, n2sinZ -1

2 2
+ivn?sin?20 — 1 (lrsl2 - |TI”|L0) 2] exp(ZkO\/n2 sin26 — 1 z). (11)

n2sinZ 6-1

It is now clear that (S,), a real-valued positive entity, does not depend on the sense of
circular polarization. In contrast, (S,) switches sign depending on the sense of circular
polarization, that is, whether the plus or minus sign is used to describe the incident beam. The
time-averaged z-component of the Poynting vector, (S,), vanishes because the corresponding
entity inside the brackets in Eq.(11) is purely imaginary. All three components of the Poynting
vector decay exponentially with the distance z from the bottom of the prism, as dictated by the
exponential factor appearing on the right-hand-side of Eq.(11).

Digression: The non-vanishing of the (S,) of the evanescent field is true for both p- and s-
polarized incident light, as it is true for circularly- and elliptically-polarized beams. It indicates
the existence of a certain (small but measurable) forward shift of the reflected beam’s footprint
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relative to that of the incident beam, which is known as the Goos-Héanchen effect. In contrast, the
non-vanishing of (S,) occurs exclusively for circularly- or elliptically-polarized incident light; it
indicates the existence of a small but measurable lateral shift of the footprint of the reflected
beam relative to that of the incident beam. This lateral shift, whose direction depends on the
sense of the circular (or elliptical) incident polarization, is known as the Imbert-Fedorov effect.

Problem 3)

a) k=k,p+k,z=(w/c)sin(fy)p + (w/c)cos(b,) 2. (1)

b) E,(r,t) = —E, cos 0, cos(¢ — @) exp{i[kpp cos(p — o) + k,z — wt]}, (2a)
E,(r,t) = Eq cos B sin(g — @) exp{i[kpp cos(p — o) + k,z — wt]}, (2b)
E,(r,t) = E,sinf, exp{i[kpp cos(p — o) + k,z — wt]}. (2¢)
Hy(r,t) = —(Eo/Zo) sin(p — @) expli[k,p cos(p — @o) + k,z — wt]}, (32)
Hy (1, t) = —(Eo/Zo) cos(p — @) expli[k,p cos(¢ — @o) + k,z — wt]}, (3b)
H,(r,t) = 0. (3c)

c) The following integrals will be useful in subsequent derivations:

21

i foz” sin g exp(ix cos @) dp = — (i) exp(ix cos @) — _oxplx) —exp®) _ (4)
-

=0 ix
i) ;—xfozn exp(ix cos @) do = foznicos @ exp(ix cos @) do = 2nJi(x) = —2m];(x)

- fom cos @ exp(ix cos @) do = 2], (x). (5)

To find the (E,, E,, E,) and (H,, H,, H,) of the superposition, we integrate the fields obtained in
part (b) over ¢, from 0 to 2. We find

27 . 2 .
Elgtotal) = f(pOZO E,(r,t)dp, = —Eq cos 0, expli(k,z — wt)] [, " cos ¢ exp(ik,p cos p) dg
= —i2mE, cos 6, J; (k,p) expli(k,z — wt)], (62)
21 . 2 . .
E(E)total) _ f%:O E,(r,t)dgy = —Eq cos 6, expli(k,z — wt)] fo "sing exp(ik,p cos ¢) de = 0, (6b)
gltoral - f;:zo E,(r,t)dgy = Eysin 6, expli(k,z — wt)] fozn exp(ik,p cos @) do
= 2mE, sin 6 Jo (k,p) expli(k,z — wt)]. (6¢c)
21 . 2 . .
Hétotal) _ f(p0=0 H,(r,t)de, = (Eo/Zo) expli(k,z — wt)] fo "sing exp(ik,p cosp)dp =0, (7a)
27 . 2 .
Hgotal) = f¢0=O H,(r,t)doy = —(Eo/Zy) expli(k,z — wt)] fo " cos @ exp(ik,p cos @) do
= —i2m(Eo/Zo)J1 (kop) explilk,z — wt)], (7b)
2
Hy* W = [T H,(r, g, = 0. (7c)
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