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Problem 7.78) The k-vector in free space is aligned with Z and has magnitude ky = wy/c. The
E and H field amplitudes are |E,| exp(ip,) X and Zy 1 |Ey| exp(ip,) 9. We thus have

a) E(r,t) = Re{E)Xexpli(k -1 — wot)]} = |Ey| cos(koz — wot + @) X, (1a)
H(r,t) = Re{H,y exp[i(k - 7 — wot)]} = Z5 | Eq| cos(koz — wot + ¢0) ¥. (1b)

b) The rate of flow of electromagnetic (EM) energy per unit area per unit time is given by the
Poynting vector, as follows:

S(T, t) = E(T, t) X H(T, t) = Z61|E0|2 COSZ(kOZ - a)ot + (po)ﬁ

2
= P {1 + cos[2(koz — wot + 9o)1}2. )

At t = t,, the values of the Poynting vector at P; and P, are S(0,0,z,,ty) and S(0,0, z,, ty),
respectively. Therefore, the difference between the rates of energy inflow and outflow is

S; = S, = Y(|E¢1?/Zo){cos[2(koz; — woty + @o)] — cos[2(koz, — woty + @o)]}
= —(|Eo|?/Zy) sin[kq(z1 — zp)] sin[ko (21 + 2;) — 2wty + 2¢]. (3)

The above difference between S; and S, is seen to vanish if the distance between z; and z,
happens to be z, — z; = mn/k, = mnc/w, = mAy/2, with m being an arbitrary integer.

c) The energy-density of the EM field in free space is £(7,t) = YagoE? + YuoH?. Therefore, for
the plane-wave described in part (a), we have

E(r,t) = Ya(gy + :uO/Z(Z))lEOlZ COSZ(kOZ — wot + o) = 50|E0|2 COSZ(kOZ — wot + @)
= Va0l Eo|*{1 + cos[2(koz — wot + @)1} 4)

The integrated energy-density between z; and z, is thus equal to the energy (per unit cross-
sectional area) contained in the region between P; and P,, namely,

fZZ: E(r, t)dz = Yagy|E,y|? fzzlz{l + cos[2(kgz — wot + @o)]}dz
= Vago|Eo|* (2, — 21)
+Yago|Eol*kg H{sin[2(koz; — wot + @o)] — sin[2(kozy — wot + @)1}
= YagolEo|? (2, — 21)
—Ya(eoc/wo)|Eo|? sin[kg (2, — 25)] cos[ko(z; + 2,) — 2wt + 2¢00].  (5)

Differentiating the above expression with respect to time now yields the time-rate-of-change of
the stored EM energy in the region between P; and P, (per unit cross-sectional area), as follows:

d . .
Efzzlz E(r,t)dz = —¢gyc|Ey|? sin[ko(z; — z5)] sin[ko (2, + 2,) — 2wot + 2¢00]. (6)

Given that ;¢ = 1/Z,, a comparison of Eq.(3) with Eq.(6) reveals that the difference between
S1 and S, is fully accounted for in terms of the time-rate-of-change of the stored EM energy in
the region between P; and P,.




