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Problem 7.64)
a)LorenzGauge:V-A+izi—“t’:o - ik-A —(i0/cHy, =0 > k-A,=(w/cD)y,.
C

b) E:_VV/—O;—I;I — E(r,t)=(-1ky, +iwA,))expli(k-r-owt)]

— E =i(wA~ky) —» E =io[A,-(c/o)(k-A)k].
B=VxA — B(r,t)=ikxAyexpli(k-r-wt)] - B =upuH =1kxA,.

=0,P=0,and M =0. Consequently, D=gE and B=,H.
Maxwell’s equations thus become

- E=0 — igk-E explilk-r-wt)]=0 - k-E =0 — k-(wA-ky)=0

c) In free space, p; . =0,J;

ree

- wk—Ao—k2w0=O - (a)/c)2l//0—k21//0=0 — Either , =0 or k* =(wlc)>

oe E OE
%

i)V xH = VxB=VxuH= i ik x(ikx A)=—(w/c*)E,
C

- (k-A)k—Kk*A,=—(0/c*)(wA,~ky,)
- [k*—(w/c) A, =[k-A,—(0/P)y k=0 — k*=(w/c)™

iii)VxE=—% — ikx[i(wA,~ky)]=1w(1kxA)

- wkxA —(kxk)y,=wkxA, — (kxk)y,=0 — 0=0.

iv)V-B=0 — ik-(ikxA)=0 — (kxk)-A =0 — 0=0.
Thus, the only constraint on the parameters, aside from the Lorenz gauge k- A4_ = (a)/cz)t//o , 18
K= (wlc).

d) The plane-wave is inhomogeneous (or evanescent) when the imaginary component of k& is
non-zero. The constraint k*= (w/c)” thus yields

K=(wlc)? - K+ik")-K'+ik")=(w/c)> — Kk*—k"+2ik"-k"=(w/c)?
- kK’-k"=(w/c)* and Kk-k"=0.

For the plane-wave to be evanescent, it is thus necessary for k£’ and k" to be orthogonal to each
other. It is also necessary for |k'| to be greater than w/c, so that |k"'| will be real-valued.

e) When £k is a real-valued vector, i.e., when k"'=0, the plane-wave will be homogeneous. Both
E, and B, will then be proportional to the transverse component A, =A,—(c/ a))2 (k-Ay)k of
A,, with B, rotated around the k-vector by 90°. The plane-wave will be linearly polarized if



the real and imaginary parts of this transverse vector potential, namely, 4,1 and A", happen
to be parallel to each other, or if one of them (either A5, or A", ) vanishes.

f) Again, the plane-wave is homogeneous when k"'=0. As before, E, and B, will be proportional
to A,1, with B, rotated around k by 90°. The plane-wave will be circularly polarized if 451

and A',1 happen to be equal in magnitude and perpendicular to each other.
g) The time-averaged rate of flow of electromagnetic energy is given by the time-averaged
Poynting vector, that is,

<S(r,t)>= %Re(E x H*) = %exp(—2k" -F)Re(E x H¥)
= %exp(—2k" MRe{(wA,~ky )x u ' k*xA*}

_exp(=2k"-r)

5 Re{[(A, ANV — (K" A)AT o+ [(k-K)AS — (k- AK Ty, }.
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