
 1 

Opti 501 Solutions 1/1 
 
Problem 7.63) 

a) 𝒌𝒌 = 𝑘𝑘𝜌𝜌𝝆𝝆� + 𝑘𝑘𝑧𝑧𝒛𝒛� = (𝜔𝜔 𝑐𝑐⁄ ) sin(𝜃𝜃0)𝝆𝝆� + (𝜔𝜔 𝑐𝑐⁄ ) cos(𝜃𝜃0) 𝒛𝒛�. (1) 

b) 𝐸𝐸𝜌𝜌(𝒓𝒓, 𝑡𝑡) = −𝐸𝐸0 cos 𝜃𝜃0 cos(𝜑𝜑 − 𝜑𝜑0) exp�i�𝑘𝑘𝜌𝜌𝜌𝜌 cos(𝜑𝜑 − 𝜑𝜑0) + 𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡��, (2a) 

 𝐸𝐸𝜑𝜑(𝒓𝒓, 𝑡𝑡) = 𝐸𝐸0 cos 𝜃𝜃0 sin(𝜑𝜑 − 𝜑𝜑0) exp�i�𝑘𝑘𝜌𝜌𝜌𝜌 cos(𝜑𝜑 − 𝜑𝜑0) + 𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡��, (2b) 

 𝐸𝐸𝑧𝑧(𝒓𝒓, 𝑡𝑡) = 𝐸𝐸0 sin𝜃𝜃0 exp�i�𝑘𝑘𝜌𝜌𝜌𝜌 cos(𝜑𝜑 − 𝜑𝜑0) + 𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡��. (2c) 

 𝐻𝐻𝜌𝜌(𝒓𝒓, 𝑡𝑡) = −(𝐸𝐸0 𝑍𝑍0⁄ ) sin(𝜑𝜑 − 𝜑𝜑0) exp�i�𝑘𝑘𝜌𝜌𝜌𝜌 cos(𝜑𝜑 − 𝜑𝜑0) + 𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡��, (3a) 

 𝐻𝐻𝜑𝜑(𝒓𝒓, 𝑡𝑡) = −(𝐸𝐸0 𝑍𝑍0⁄ ) cos(𝜑𝜑 − 𝜑𝜑0) exp�i�𝑘𝑘𝜌𝜌𝜌𝜌 cos(𝜑𝜑 − 𝜑𝜑0) + 𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡��, (3b) 

 𝐻𝐻𝑧𝑧(𝒓𝒓, 𝑡𝑡) = 0. (3c) 

c) The following integrals will be useful in subsequent derivations: 

 i) ∫ sin𝜑𝜑 exp(i𝑥𝑥 cos𝜑𝜑)𝑑𝑑𝜑𝜑2𝜋𝜋
0 =  −�1

i𝑥𝑥
� exp(i𝑥𝑥 cos𝜑𝜑)�

𝜑𝜑=0

2𝜋𝜋
= − exp(i𝑥𝑥) − exp(i𝑥𝑥)

i𝑥𝑥
= 0. (4) 

 ii) 𝑑𝑑
𝑑𝑑𝑥𝑥 ∫ exp(i𝑥𝑥 cos𝜑𝜑)𝑑𝑑𝜑𝜑2𝜋𝜋

0 = ∫ i cos𝜑𝜑 exp(i𝑥𝑥 cos𝜑𝜑)𝑑𝑑𝜑𝜑2𝜋𝜋
0 = 2𝜋𝜋𝐽𝐽0′ (𝑥𝑥) = −2𝜋𝜋𝐽𝐽1(𝑥𝑥) 

 →      ∫ cos𝜑𝜑 exp(i𝑥𝑥 cos𝜑𝜑)𝑑𝑑𝜑𝜑2𝜋𝜋
0 = i2𝜋𝜋𝐽𝐽1(𝑥𝑥). (5) 

To find the (𝐸𝐸𝜌𝜌,𝐸𝐸𝜑𝜑 ,𝐸𝐸𝑧𝑧) and (𝐻𝐻𝜌𝜌,𝐻𝐻𝜑𝜑 ,𝐻𝐻𝑧𝑧) of the superposition, we integrate the fields obtained in 
part (b) over 𝜑𝜑0 from 0 to 2𝜋𝜋. We find  

 𝐸𝐸𝜌𝜌
(total) = � 𝐸𝐸𝜌𝜌(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋

𝜑𝜑0=0
= −𝐸𝐸0 cos𝜃𝜃0 exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]∫ cos𝜑𝜑 exp(i𝑘𝑘𝜌𝜌𝜌𝜌 cos𝜑𝜑)2𝜋𝜋

0 𝑑𝑑𝜑𝜑 

 = −i2𝜋𝜋𝐸𝐸0 cos𝜃𝜃0 𝐽𝐽1(𝑘𝑘𝜌𝜌𝜌𝜌) exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)], (6a) 

 𝐸𝐸𝜑𝜑
(total) = � 𝐸𝐸𝜑𝜑(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋

𝜑𝜑0=0
= −𝐸𝐸0 cos𝜃𝜃0 exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]∫ sin𝜑𝜑 exp(i𝑘𝑘𝜌𝜌𝜌𝜌 cos𝜑𝜑)2𝜋𝜋

0 𝑑𝑑𝜑𝜑 = 0, (6b) 

 𝐸𝐸𝑧𝑧
(total) = ∫ 𝐸𝐸𝑧𝑧(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋
𝜑𝜑0=0

= 𝐸𝐸0 sin𝜃𝜃0 exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]∫ exp(i𝑘𝑘𝜌𝜌𝜌𝜌 cos𝜑𝜑)2𝜋𝜋
0 𝑑𝑑𝜑𝜑 

 = 2𝜋𝜋𝐸𝐸0 sin𝜃𝜃0 𝐽𝐽0(𝑘𝑘𝜌𝜌𝜌𝜌) exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]. (6c) 

 𝐻𝐻𝜌𝜌
(total) = � 𝐻𝐻𝜌𝜌(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋

𝜑𝜑0=0
= (𝐸𝐸0 𝑍𝑍0⁄ ) exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]∫ sin𝜑𝜑 exp(i𝑘𝑘𝜌𝜌𝜌𝜌 cos𝜑𝜑)2𝜋𝜋

0 𝑑𝑑𝜑𝜑 = 0, (7a) 

 𝐻𝐻𝜑𝜑
(total) = � 𝐻𝐻𝜑𝜑(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋

𝜑𝜑0=0
= −(𝐸𝐸0 𝑍𝑍0⁄ ) exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)]∫ cos𝜑𝜑 exp(i𝑘𝑘𝜌𝜌𝜌𝜌 cos𝜑𝜑)2𝜋𝜋

0 𝑑𝑑𝜑𝜑 

 = −i2𝜋𝜋(𝐸𝐸0 𝑍𝑍0⁄ )𝐽𝐽1(𝑘𝑘𝜌𝜌𝜌𝜌) exp[i(𝑘𝑘𝑧𝑧𝑧𝑧 − 𝜔𝜔𝑡𝑡)], (7b) 

 𝐻𝐻𝑧𝑧
(total) = ∫ 𝐻𝐻𝑧𝑧(𝒓𝒓, 𝑡𝑡)𝑑𝑑𝜑𝜑0

2𝜋𝜋
𝜑𝜑0=0

= 0. (7c) 


