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Problem 7.61) 
a) For the transmitted beam, the continuity of 𝑘𝑘𝑥𝑥 yields 𝑘𝑘𝑥𝑥

(t) = 𝑘𝑘𝑥𝑥
(i) = (𝜔𝜔 𝑐𝑐⁄ )𝑛𝑛0 sin 𝜃𝜃. Also, the 

𝐸𝐸-field amplitude immediately beneath the interface will be 𝑬𝑬s
(t) = 𝜏𝜏s𝐸𝐸s

(i)𝒚𝒚�. Thus, 

 𝒌𝒌(t) = 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑧𝑧
(t)𝒛𝒛� = (𝜔𝜔 𝑐𝑐⁄ )�𝑛𝑛0 sin 𝜃𝜃 𝒙𝒙� − �(𝑛𝑛 + i𝜅𝜅)2 − 𝑛𝑛02 sin2 𝜃𝜃 𝒛𝒛��· 

 𝑬𝑬(t)(𝒓𝒓, 𝑡𝑡) = 𝜏𝜏𝑠𝑠𝐸𝐸𝑠𝑠
(i) exp�i�𝒌𝒌(t) ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔�� 𝒚𝒚�. 

The square root must be chosen such that the imaginary part of 𝑘𝑘𝑧𝑧
(t) is negative, so that the 

field amplitude will decay exponentially as 𝑧𝑧 → −∞. 

From Maxwell’s 3rd equation: 𝜵𝜵 × 𝑬𝑬 = −𝜕𝜕𝑩𝑩 𝜕𝜕𝜕𝜕⁄         →          𝒌𝒌(t) × 𝜏𝜏𝑠𝑠𝑬𝑬𝑠𝑠
(i) = 𝜇𝜇0𝜔𝜔𝑯𝑯0

(t) 

 →     𝑯𝑯0
(t) = 𝑍𝑍0−1�𝑛𝑛0 sin 𝜃𝜃 𝒙𝒙� − �(𝑛𝑛 + i𝜅𝜅)2 − 𝑛𝑛02 sin2 𝜃𝜃 𝒛𝒛�� × 𝜏𝜏s𝐸𝐸s

(i)𝒚𝒚� 

 = 𝑍𝑍0−1𝜏𝜏s𝐸𝐸s
(i)��(𝑛𝑛 + i𝜅𝜅)2 − 𝑛𝑛02 sin2 𝜃𝜃 𝒙𝒙� + 𝑛𝑛0 sin 𝜃𝜃 𝒛𝒛��· 

Consequently, 𝑯𝑯(t)(𝒓𝒓, 𝑡𝑡) = 𝑯𝑯0
(t) exp�i�𝒌𝒌(t) ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔��. 

b) 〈𝑺𝑺(𝒓𝒓, 𝑡𝑡)〉 = ½Re{𝑬𝑬(𝒓𝒓, 𝑡𝑡) × 𝑯𝑯∗(𝒓𝒓, 𝑡𝑡)} 

 = ½Re �𝜏𝜏𝑠𝑠𝐸𝐸𝑠𝑠
(i) exp[i(𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑧𝑧

(t)𝑧𝑧)] 𝒚𝒚� 

 × 𝑍𝑍0−1𝜏𝜏s∗𝐸𝐸s
∗(i) ��(𝑛𝑛 + i𝜅𝜅)2 − 𝑛𝑛02 sin2 𝜃𝜃

 ∗
𝒙𝒙� + 𝑛𝑛0 sin𝜃𝜃 𝒛𝒛�� exp[−i(𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑧𝑧

∗(t)𝑧𝑧)]� 

 = ½𝑍𝑍0−1�𝜏𝜏s𝐸𝐸s
(i)�

2
�𝑛𝑛0 sin 𝜃𝜃 𝒙𝒙� − Re�(𝑛𝑛 + i𝜅𝜅)2 − 𝑛𝑛02 sin2 𝜃𝜃 𝒛𝒛�� exp�−2Im[𝑘𝑘𝑧𝑧

(t)]𝑧𝑧�· 

As pointed out earlier, Im[𝑘𝑘𝑧𝑧
(t)] is negative and, therefore, 〈𝑺𝑺(𝒓𝒓, 𝑡𝑡)〉 decays exponentially as 

𝑧𝑧 → −∞. 


