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Opti 501 Solutions 1/1 
 
Problem 7.57) 

a) Dispersion relation:  𝑘𝑘2 = (𝜔𝜔 𝑐𝑐⁄ )2𝜇𝜇(𝜔𝜔)𝜀𝜀(𝜔𝜔)    →    𝒌𝒌 = ±(𝜔𝜔 𝑐𝑐⁄ )�𝜇𝜇(𝜔𝜔)𝜀𝜀(𝜔𝜔) 𝒌𝒌�. (1) 

In the above expression of 𝒌𝒌, both plus and minus signs for the direction of propagation are 
retained. Here 𝒌𝒌� is an arbitrary unit vector, and the product 𝜇𝜇(𝜔𝜔)𝜀𝜀(𝜔𝜔) is positive. 

b) Faraday’s law:   𝜵𝜵 × 𝑬𝑬 = −𝜕𝜕𝑩𝑩
𝜕𝜕𝜕𝜕

      →      i𝒌𝒌 × 𝑬𝑬0 = i𝜔𝜔𝜇𝜇0𝜇𝜇(𝜔𝜔)𝑯𝑯0    →     𝑯𝑯0 = 𝒌𝒌 × 𝑬𝑬0
𝜔𝜔𝜇𝜇0𝜇𝜇(𝜔𝜔). (2) 

Considering that 𝜇𝜇(𝜔𝜔) appearing in the denominator in the above expression of 𝑯𝑯0 is 
negative, in what follows we will write it as  −�𝜇𝜇2(𝜔𝜔). We will have 

 𝑯𝑯0 = ± (𝜔𝜔 𝑐𝑐⁄ )�𝜇𝜇(𝜔𝜔)𝜀𝜀(𝜔𝜔)
𝜔𝜔𝜇𝜇0𝜇𝜇(𝜔𝜔)  𝒌𝒌� × 𝑬𝑬0 = ∓ �𝜇𝜇(𝜔𝜔)𝜀𝜀(𝜔𝜔)

𝑐𝑐𝜇𝜇0�𝜇𝜇2(𝜔𝜔)
 𝒌𝒌� × 𝑬𝑬0 = ∓ 𝒌𝒌� × 𝑬𝑬0

𝑍𝑍0�𝜇𝜇(𝜔𝜔) 𝜀𝜀(𝜔𝜔)⁄
. (3) 

c)      〈𝑺𝑺(𝒓𝒓, 𝑡𝑡)〉 = ½Re[𝑬𝑬(𝒓𝒓, 𝑡𝑡) × 𝑯𝑯∗(𝒓𝒓, 𝑡𝑡)] = ½Re {𝑬𝑬0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] × 𝑯𝑯0
∗ exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)]} 

 = ½Re(𝑬𝑬0 × 𝑯𝑯0
∗) = ∓Re�𝑬𝑬0×�𝒌𝒌� × 𝑬𝑬0∗ ��

2𝑍𝑍0�𝜇𝜇(𝜔𝜔) 𝜀𝜀(𝜔𝜔)⁄
= ∓ Re�(𝑬𝑬0∙ 𝑬𝑬0∗)𝒌𝒌� − �𝑬𝑬0∙ 𝒌𝒌��𝑬𝑬0∗ �

2𝑍𝑍0�𝜇𝜇(𝜔𝜔) 𝜀𝜀(𝜔𝜔)⁄
 

 = ∓� 𝐸𝐸0′
2+ 𝐸𝐸0″
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2𝑍𝑍0�𝜇𝜇(𝜔𝜔) 𝜀𝜀(𝜔𝜔)⁄
� 𝒌𝒌�.   (4) 

 
 

Clearly, the choice of plus sign for 𝒌𝒌 in Eq.(1) results in a minus sign for 〈𝑺𝑺〉 in Eq.(4), and 
vice-versa. The direction of energy flow is thus seen to be opposite that of the 𝑘𝑘-vector, the latter 
signifying the direction of phase propagation. 

d) The Fresnel reflection coefficient from free space, where 𝜇𝜇𝑎𝑎(𝜔𝜔) = 𝜀𝜀𝑎𝑎(𝜔𝜔) = 1, onto a 
negative-index medium having 𝜇𝜇𝑏𝑏(𝜔𝜔) = 𝜀𝜀𝑏𝑏(𝜔𝜔) = −1, at normal incidence is the same for 𝑝𝑝- 
and 𝑠𝑠-polarized light, as follows: 

 𝜌𝜌𝑝𝑝 = 𝜌𝜌𝑠𝑠 = �𝜀𝜀𝑎𝑎 𝜇𝜇𝑎𝑎⁄  − �𝜀𝜀𝑏𝑏 𝜇𝜇𝑏𝑏⁄
�𝜀𝜀𝑎𝑎 𝜇𝜇𝑎𝑎⁄  + �𝜀𝜀𝑏𝑏 𝜇𝜇𝑏𝑏⁄

= 1−1
1+1

= 0. (5) 

The reflection coefficient is thus zero, because the negative-index medium is impedance 
matched to free space. The plane-wave transmitted into the negative-index medium must, 
therefore, have the same 𝐸𝐸-field and the same 𝐻𝐻-field as the incident wave, because of the 
required boundary conditions at the interface. From Eq.(3), we must now choose the plus sign for 
the 𝐻𝐻-field of the transmitted plane-wave into the negative-index medium, 𝑯𝑯0 = 𝒌𝒌� × 𝑬𝑬0/𝑍𝑍0. 
The choice of the plus sign should also be obvious from the necessity of having the transmitted 
beam carry energy away from the interface, that is, 〈𝑺𝑺〉 and 𝒌𝒌� must be in the same direction. The 
choice of the plus sign for 𝑯𝑯0 then forces the 𝑘𝑘-vector in Eq.(1) to have the minus sign, that is, 
𝒌𝒌 = −(𝜔𝜔 𝑐𝑐⁄ )𝒌𝒌�. The transmitted plane-wave then has the following 𝐸𝐸- and 𝐻𝐻-fields: 

 𝑬𝑬(𝑡𝑡)(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬0exp�−i(𝜔𝜔 𝑐𝑐⁄ )(𝒌𝒌� ∙ 𝒓𝒓 + 𝑐𝑐𝑐𝑐)�, (6a) 

 𝑯𝑯(𝑡𝑡)(𝒓𝒓, 𝑡𝑡) = �𝒌𝒌� × 𝑬𝑬0/𝑍𝑍0�exp�−i(𝜔𝜔 𝑐𝑐⁄ )(𝒌𝒌� ∙ 𝒓𝒓 + 𝑐𝑐𝑐𝑐)�. (6b) 

The phase of the 𝐸𝐸- and 𝐻𝐻-fields thus travels toward the interface with the speed of light 𝑐𝑐. 

𝑬𝑬0 ∙ 𝒌𝒌� = 0 because Maxwell’s 
first equation, 𝜵𝜵 ∙ 𝑫𝑫 = 0, yields 

i𝒌𝒌 ∙ 𝜀𝜀0𝜀𝜀(𝜔𝜔)𝑬𝑬0 = 0. 

𝑨𝑨 × (𝑩𝑩 × 𝑪𝑪) = (𝑨𝑨 ∙ 𝑪𝑪)𝑩𝑩 − (𝑨𝑨 ∙ 𝑩𝑩)𝑪𝑪  

𝑬𝑬0 ∙ 𝑬𝑬0∗ = (𝑬𝑬0′ + i𝑬𝑬0″) ∙ (𝑬𝑬0′ − i𝑬𝑬0″) = 𝐸𝐸0′
2 + 𝐸𝐸0″
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