Opti 501 Solutions 1/3

Problem 7.56) a) Denoting the magnitude of the k-vector in free space by k, = w/c, we have
k=kXx+k,y+k,z=(kysin6 cosp)x + (k,sinfsin¢p)y + (k, cos 0)z,
Ey = ExoX + E,, 0y + E02,
Hy, = HyoX + Hy,0y + HyZ2.

b) V-E=0 - k-Ey=0 - kyEx+kyEy+kE,=
> E,o = —(kyExo + kyEy0)/k,.
VXE=—-0B/ot - ikXE,=iwuyH,
- Hy= (uow) kX E, = (,uow)_l(kxf +k,y + kzﬁ) X (Exoic\ + Ey oy + Ezoﬁ)
-  Hy = (kyEzO - szyO)/(,qu)a
Hyo = (kzExo = kxEzo) / (o),
H,y = (kxEyO - kyExo)/(llo(U)-

The field components E,q, Hyg, Hyg, H;o are thus determined once the components E,q and E,,q
are specified.

c) S(rt)=Re{Eyjexpli(k-r— wt)]} X Re{Hyexp[i(k-r — wt)]}
= [Ejcos(k - r — wt) — Egsin(k-r — wt)] X [Hycos(k-r — wt) — Hysin(k - r — wt)]
= (Ey X Hy) cos?(k-r — wt) + (Ej X Hy) sin?(k - r — wt)
—(Ey X Hy + Eg X Hy) sin(k - r — wt) cos(k - r — wt)
=W(Ey X Hy+ Eg X Hy) + % (Ey X Hy — Eg X Hy) cos[2(k -1 — wt)]
—%(Ey X Hy + Eg X Hp) sin[2(k - r — wt)].
Noting that k is a real-valued vector, we will have
Ey X Hy £ Eg X Hy = (uow)™'[Eq X (k x Eq) £ Eg X (k X Eg)]
= (uow) ' [(Ey - Eo)k — (KW EQ)Ey £ (Eg - EQ)k F (KEp)Eq]
- ! ! n n 0
= (How) 1(Eo'EoiE0'E0)k 0
Eyx Hj + Ej x Hy = (uow) ' [Ey X (kX Eg) + Ej X (k X Ep)]
= 2(uow) ' (Ep - Eg)k
Therefore,
S(r,t) = Ya(uow) {(Eg - E + Eg - Eq) + (Eg - Eq — Eg - Eg) cos[2(k - 1 — wt)]
—2(Ey - Ep) sin[2(k - r — wt)]}k.



d) The electromagnetic momentum density in free space is given by p(r,t) = S(r,t)/c?.
e) Assuming that E is real-valued, we may write the energy-density of the E-field as follows:
Ex(r,t) = YogyRe{Ejexpli(k - r — wt)]} - Re{E expli(k - r — wt)]}
= YoegEy cos(k -1 — wt) - Ejcos(k - r — wt)
= YogoEy - Eg cos?(k-r — wt)
= YaeoEy - Ey + YaggEy - Efy cos[2(k - — wt)].
Similarly, the energy-density of the H-field is given by
Exq(r,t) = YouoRe{Hyexp[i(k - r — wt)]} - Re{Hyexp[i(k - r — wt)]}
= YauoHy - Hy + YauoHy - Hy cos[2(k - r — wt)].
The above expression for the H-field energy-density may be further simplified by noting that
HY - Hy = (100)™ (kX Ep) - (ke X Eg) = (o) ?[(k - K) (B - EY) — (- ED)?]
= (uow)*(k - K)(E} - Eq) = (g0/u0)E} - Ey.
It is seen that Ey (1, t) = Eg(r, t). The total energy-density of the fields is, therefore, given by

E(r,t) = Eg(r,t) + Ex(r,t) = YagyEy - Ey + YaeoEy - Ef cos[2(k - — wt)].

f) Poynting’s theorem asserts that, in free space, V- S(r,t) + 0E(r,t) /0t = 0. Recalling that
Eg = 0, the results obtained in parts (c) and (e) above now yield

V-S(rt) =V {%(uow) *(Ey - Eg){1 + cos[2(k - r — wt)]}k}
= Y (uow) " 1(E} - E})V - {{1 + cos[2(k T — wt)[}(ky® + kP + kzz)}
= —(uow) N (Eg - Eo) (k% + k5 + kZ) sin[2(k - 7 — wt)]
= —gowEy - Eysin[2(k - r — wt)].
0E(r,t) /0t = 0{%eyEy - Ey + Yo Ey - Ey cos[2(k - r — wt)]}/0t
= gowE( - Eysin[2(k - r — wt)].

The energy continuity equation (i.e., Poynting’s theorem) is thus seen to be satisfied.

Digression: This problem can be solved in the general case when Ej # 0, although the algebra is
a bit tedious. Below we derive the energy densities of the £- and H-fields in the general case.

Eg(r,t) = YaggRe {Epexpli(k - r — wt)]} - Re {Eyexp[i(k - — wt)]}
= YogylEq cos(k - — wt) — Eg sin(k - r — wt)] - [Eq cos(k - — wt) — Eg sin(k - r — wt)]
= Yoeo[(Ep - Ep) cos?(k -1 — wt) + (Eg - Ej) sin?(k - r — wt)
—2(Ey - Eg) sin(k - r — wt) cos(k - r — wt)]
= Yaeo{(Ey " Ey + Eg - Eg) + (Ey - Ey —Eg - Eg) cos[2(k - r — wt)]



—2E{ - Egsin[2(k-r — wt)]}.
Similarly,

Eu(r,t) = YopoRe{Hyexp[i(k - r — wt)]} - Re{Hyexp[i(k - r — wt)]}
= Yauo{(Hy - Hy + H - Hy) + (Hy - Hy — Hy - HY) cos[2(k - 1 — wt)]
—2H{ - Hysin[2(k -1 — wt)]}.
Now
Hy-Hy+ Hjy- Hy = (ow)"2[(k x Ep) - (k X Ey) + (k x Eg) - (k x E})]
= (uow) (e k) (Ey - Ep) — (k~Ey)” + (k- k) (Y - E) F (K™Ef)?]
= (o) 2 (k- I[(Ey - Ep) + (E} - B3] ’
= (eo/Mo)[(Ep " Ep) £ (Eq - Ep)]

Hy - Hj = (ow)2(k X Ep) - (k x E}
= (1ow) 2[(ke* K)(Ey ~ EG) — (le< Eg) (R~Ep)]
= (o) 2 (k+ K)(Ep - E} vl
= (&0/ o) (Ep - Eg).
As before, the energy densities of the £- and H-fields are seen to be equal. We will have
Eg(rt) + Ex(r,t) = Yoeo{(Ey - Ey + Eg - Ep) + (Ey - Ey — Ejy - E) cos[2(k - r — wt)]
—2E, - Egsin[2(k-r — wt)]}.

The Poynting vector was already derived in part (c) for the general case of Ej # 0. Verification
of the energy continuity equation now follows the same steps as in part (f).




