
Opti 501 Solutions 𝟏𝟏 𝟏𝟏⁄  

Problem 12) Denoting by 𝝈𝝈 the normalized 𝑘𝑘-vector 𝒌𝒌 𝑘𝑘0⁄ = 𝑐𝑐𝒌𝒌 𝜔𝜔⁄ 0 = 𝜆𝜆0𝒌𝒌 2𝜋𝜋⁄ , we write 

 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬0 exp[i(2𝜋𝜋 𝜆𝜆0⁄ )(𝝈𝝈 ∙ 𝒓𝒓 − 𝑐𝑐𝑐𝑐)] ,       𝑯𝑯(𝒓𝒓, 𝑡𝑡) = 𝑯𝑯0 exp[i(2𝜋𝜋 𝜆𝜆0⁄ )(𝝈𝝈 ∙ 𝒓𝒓 − 𝑐𝑐𝑐𝑐)]. 

Maxwell’s first and fourth equations then yield 

 𝜵𝜵 ∙ 𝑬𝑬 = 0    →     𝝈𝝈 ∙ 𝑬𝑬0 = 0         and          𝜵𝜵 ∙ 𝑩𝑩 = 𝜇𝜇0𝜵𝜵 ∙ 𝑯𝑯 = 0    →      𝝈𝝈 ∙ 𝑯𝑯0 = 0. 
Invoking Maxwell’s second and third equations, we now find 

 𝜵𝜵 × 𝑬𝑬 = −𝜕𝜕𝑩𝑩 𝜕𝜕𝜕𝜕⁄    →       i(2𝜋𝜋 𝜆𝜆0⁄ )𝝈𝝈× 𝑬𝑬0 = −(−i2𝜋𝜋𝜋𝜋 𝜆𝜆0⁄ )𝜇𝜇0𝑯𝑯0  →   𝝈𝝈 × 𝑬𝑬0 = 𝑍𝑍0𝑯𝑯0. 

 𝜵𝜵 × 𝑯𝑯 = 𝜕𝜕𝑫𝑫 𝜕𝜕𝜕𝜕⁄       →       i(2𝜋𝜋 𝜆𝜆0⁄ )𝝈𝝈 × 𝑯𝑯0 = (−i2𝜋𝜋𝜋𝜋 𝜆𝜆0⁄ )𝜀𝜀0𝜀𝜀𝑬𝑬0    →   𝝈𝝈 × 𝑯𝑯0 = −(𝜀𝜀 𝑍𝑍0⁄ )𝑬𝑬0. 

Combining the above equations, we will have 

 𝝈𝝈 × (𝝈𝝈 × 𝑬𝑬0) = −𝜀𝜀𝑬𝑬0       →        (𝝈𝝈 ∙ 𝑬𝑬0)𝝈𝝈 − (𝝈𝝈 ∙ 𝝈𝝈)𝑬𝑬0 = −𝜀𝜀𝑬𝑬0      →       𝝈𝝈 ∙ 𝝈𝝈 = 𝜀𝜀 = 𝑛𝑛2. 

a) In free space:    𝑛𝑛 = 1         →         𝝈𝝈 = 𝒛𝒛�    →     𝑍𝑍0𝑯𝑯i = 𝒛𝒛� × 𝐸𝐸i𝒙𝒙�       →       𝑍𝑍0𝑯𝑯i = 𝐸𝐸i𝒚𝒚�. 
 
b) Inside the slab:    𝝈𝝈 = 𝑛𝑛𝒛𝒛�    →     𝑍𝑍0𝑯𝑯t = 𝝈𝝈 × 𝑬𝑬t = 𝑛𝑛𝒛𝒛� × 𝑬𝑬t      →       𝑍𝑍0𝑯𝑯t = 𝑛𝑛𝐸𝐸t𝒚𝒚�. 
 
c) Rate of energy flow in free space: 〈𝑺𝑺i〉 = ½𝑬𝑬i × 𝑯𝑯i = (𝐸𝐸i2 2𝑍𝑍0⁄ )𝒛𝒛�. 

 Rate of energy flow in the transparent slab: 〈𝑺𝑺t〉 = ½𝑬𝑬t × 𝑯𝑯t = (𝑛𝑛𝐸𝐸t2 2𝑍𝑍0⁄ )𝒛𝒛�. 
 
 〈𝑺𝑺i〉 = 〈𝑺𝑺t〉    →     𝐸𝐸i2 2𝑍𝑍0⁄ = 𝑛𝑛𝐸𝐸t2 2𝑍𝑍0⁄   →     𝐸𝐸t = 𝐸𝐸i √𝑛𝑛⁄     →      𝐻𝐻t = 𝑛𝑛𝐸𝐸t 𝑍𝑍0⁄ = √𝑛𝑛𝐸𝐸i 𝑍𝑍0⁄ . 

d) 𝐸𝐸-field energy-density inside dispersionless medium: ¼𝜀𝜀0𝜀𝜀𝐸𝐸t2 = ¼𝜀𝜀0𝑛𝑛2(𝐸𝐸i √𝑛𝑛⁄ )2 = ¼𝜀𝜀0𝑛𝑛𝐸𝐸i2. 

 𝐻𝐻-field energy-density inside dispersionless medium: ¼𝜇𝜇0𝐻𝐻t2 = ¼𝜇𝜇0(√𝑛𝑛𝐸𝐸i 𝑍𝑍0⁄ )2 = ¼𝜀𝜀0𝑛𝑛𝐸𝐸i2. 

Thus, the 𝐸𝐸- and 𝐻𝐻-field energy-densities within the transparent medium of the slab are equal. 

Let the pulse duration and cross-sectional area be 𝑇𝑇 and 𝐴𝐴, respectively. In the free-space 
region, the length of the pulse is 𝑐𝑐𝑐𝑐, its volume is 𝑐𝑐𝑐𝑐𝑐𝑐, and its energy-density is ¼𝜀𝜀0𝐸𝐸i2 +
¼𝜇𝜇0𝐻𝐻i2 = ¼𝜀𝜀0𝐸𝐸i2 + ¼𝜇𝜇0(𝐸𝐸i 𝑍𝑍0⁄ )2 = ½𝜀𝜀0𝐸𝐸i2. Consequently, the total energy of the light pulse in 
the free-space region is ½𝜀𝜀0𝐸𝐸i2𝑐𝑐𝑐𝑐𝑐𝑐. 

Inside the glass medium of the dielectric slab, the length of the pulse is 𝑐𝑐𝑐𝑐 𝑛𝑛⁄ , its volume is 
𝑐𝑐𝑐𝑐𝑐𝑐 𝑛𝑛⁄ , and its energy-density is ¼𝜀𝜀0𝑛𝑛𝐸𝐸i2 + ¼𝜀𝜀0𝑛𝑛𝐸𝐸i2 = ½𝜀𝜀0𝑛𝑛𝐸𝐸i2. Therefore, the total energy of 
the pulse propagating within the slab is also ½𝜀𝜀0𝐸𝐸i2𝑐𝑐𝑐𝑐𝑐𝑐. The pulse energy is thus seen to be 
preserved. 
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