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Opti 501 Solutions 1/1 
 
Problem 6.14) 

a) 𝒑𝒑(𝑡𝑡) = −𝑞𝑞𝑞𝑞(𝑡𝑡)𝒙𝒙�. Therefore, 

 𝑑𝑑ℰ(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑬𝑬(𝑡𝑡) ∙ 𝑑𝑑𝒑𝒑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑞𝑞𝑞𝑞|𝑞𝑞0|𝐸𝐸𝑥𝑥0 cos(𝑞𝑞𝑡𝑡) sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0). (1) 

b) 𝑑𝑑ℰ𝐾𝐾(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑚𝑚𝑣𝑣𝑥𝑥(𝑡𝑡) 𝑑𝑑𝑣𝑣𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑚𝑚 �𝑑𝑑𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡

� �𝑑𝑑
2𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡2

� = 𝑚𝑚𝑞𝑞3|𝑞𝑞0|2 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0). (2) 

c) 𝑑𝑑ℰ𝑃𝑃(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝛼𝛼𝑞𝑞(𝑡𝑡) 𝑑𝑑𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛼𝛼𝑞𝑞|𝑞𝑞0|2 cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0). (3) 

d) 𝑑𝑑ℰ𝐿𝐿(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝛽𝛽 �𝑑𝑑𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡

�
2

= 𝛽𝛽𝑞𝑞2|𝑞𝑞0|2 sin2(𝑞𝑞𝑡𝑡 − 𝜑𝜑0). (4) 

e) 𝑑𝑑ℰtotal(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑑𝑑
𝑑𝑑𝑡𝑡

[ℰ𝐾𝐾(𝑡𝑡) + ℰ𝑃𝑃(𝑡𝑡) + ℰ𝐿𝐿(𝑡𝑡)] 

 = 𝑞𝑞|𝑞𝑞0|2 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) [𝑚𝑚𝑞𝑞2 cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) − 𝛼𝛼 cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) + 𝛽𝛽𝑞𝑞 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0)] 

 = 𝑚𝑚𝑞𝑞|𝑞𝑞0|2 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) [(𝑞𝑞2 − 𝑞𝑞0
2) cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) + 𝛾𝛾𝑞𝑞 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0)]. (5) 

Now, according to the Lorentz oscillator model, we have 

 |𝑞𝑞0| exp(i𝜑𝜑0) = (𝑞𝑞 𝑚𝑚⁄ )𝐸𝐸𝑥𝑥0
𝜔𝜔2− 𝜔𝜔0

2 + i𝛾𝛾𝜔𝜔
= �𝑞𝑞𝐸𝐸𝑥𝑥0

𝑚𝑚
� (𝜔𝜔2− 𝜔𝜔0

2) − i𝛾𝛾𝜔𝜔
(𝜔𝜔2− 𝜔𝜔0

2)2 + (𝛾𝛾𝜔𝜔)2. (6) 
Consequently, 

 |𝑞𝑞0| = (𝑞𝑞𝐸𝐸𝑥𝑥0 𝑚𝑚⁄ ) �(𝑞𝑞2 − 𝑞𝑞02)2 + (𝛾𝛾𝑞𝑞)2⁄ ; (7) 

 cos(𝜑𝜑0) = (𝑞𝑞2 − 𝑞𝑞0
2) �(𝑞𝑞2 − 𝑞𝑞02)2 + (𝛾𝛾𝑞𝑞)2⁄ ; (8) 

 sin(𝜑𝜑0) = −𝛾𝛾𝑞𝑞 �(𝑞𝑞2 − 𝑞𝑞02)2 + (𝛾𝛾𝑞𝑞)2⁄ . (9) 

Equation (5) may now be rewritten, as follows: 

 𝑑𝑑ℰtotal(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑚𝑚𝑞𝑞|𝑞𝑞0|2 sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) 

 × �(𝑞𝑞2 −  𝑞𝑞02)2 + (𝛾𝛾𝑞𝑞)2[cos(𝜑𝜑0) cos(𝑞𝑞𝑡𝑡 − 𝜑𝜑0) − sin(𝜑𝜑0) sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0)] 

 = 𝑞𝑞𝑞𝑞|𝑞𝑞0|𝐸𝐸𝑥𝑥0 cos(𝑞𝑞𝑡𝑡) sin(𝑞𝑞𝑡𝑡 − 𝜑𝜑0). (10) 

A comparison of Eq.(10) with Eq.(1) reveals that 𝑑𝑑ℰ(𝑡𝑡) 𝑑𝑑𝑡𝑡⁄ = 𝑑𝑑[ℰ𝐾𝐾(𝑡𝑡) + ℰ𝑃𝑃(𝑡𝑡) + ℰ𝐿𝐿(𝑡𝑡)] 𝑑𝑑𝑡𝑡⁄ . 
 

cos𝑎𝑎 cos𝑏𝑏 − sin 𝑎𝑎 sin 𝑏𝑏 = cos(𝑎𝑎 + 𝑏𝑏) 


