Solutions Opti 501

Problem 12) a) Particle m;:  myX,"(t)=q; Exocos(wt) — a1 [ X1 (t) — Xo(t)]— 1 X/ (1), (1a)
Particle mpy:  MyX"(t)=0p Exocos(@t) — aa[Xa(t) —Xo(t)]— S X (1), (1b)

Particle M: MXy"(t)=—(Q1+ Qz2) Exocos(@t) + a1[Xi(t) —Xo(D) ]+ a2 [Xa(t) = Xo(t) ]+ B1 X1 (1) + B X (1).
(lc)

Adding Eq.(1a) to Eq.(1b), then using the fact of stationarity of the center-of-mass, namely,
m; X; (1) + My X (t) +MXo(t)=0, leads to Eq.(1c), which is thereby revealed as containing no new
information.

b) Particle m: — My @ X0+ a1(Xi0—X00) — 1@/B1 X10= 1 Exo, (2a)
Particle ny: —Mm a)2 %20+ a2 (X20—X00) —10 2 %20 = 0 Exo. (2b)
C) Particle m: a)leo—(al/ml) [X10+(m1/M )X]()"‘(rnz/M )X20]+ ia)(ﬁl/ml)xloz —(ql/ml) EXO, (38.)
Particle n: 0)2X20—(0!2/m2) [X20+(m1/M )x10+(mz/M )X20]+ i(t)(ﬂz/rnz)Xm: —(qz/rnz) Ex. (3b)

d) The above equations may be written in matrix form, as follows :

X20

a)2+iww1/ml)—(a1/ml)—(a1/M) —(aym/Mmy)| (X0 B gi/my 4
—(a2m;/Mm) o> +io(fa2/My) —(aa/My) —(aa/M) Gp/my B0 @)

Inverting the 2 x2 coefficient matrix in Eq.(4) yields the following solutions for X;o and Xxo:

X
( 10) = —{[a)2+ia)(,81/m1)—(a1/m1)] [a)2+i0)(,52/mz)—(052/mz)] {
—(al/M)[a)eria)(ﬂz/mz) —(az/mz)]—(az/M)[a)2+ia)(,Bl/m1) —(al/ml)]}_

) [a)zﬂa)(,b’z/mz)—(az/mz)—(az/M) (ctim/M ml)} (ql/ml) -

5
(aam;/Mm) a)2+ia)(ﬂ1/m1)—(al/ml)—(al/M) Qo/My ®)

) We have po= i X100 X0 — (A1 +02) Xo0 = [Q1 + (Q1 + ) (My/M) ] X109+ [Ga+ (01 + ) (Mp/M ) [ X0.
Substituting for X;¢ and X9 from Eq.(5) yields
Po/Exo=—{[q1*(1/my+1/M)+ ¢ /M [@* +ie0(So/Mb) — (@2 /mb)] + [ (/M + 1/M ) + ¢ /M ]
x[@®+iw(Bi/my) —(a/my)] - (1% — a2 o) (MG — M0 )/ (M mymy) }
I{[ & +io(B1/m) —(ar/my)][ &> +io(Sa/My) —(ca/Mb)]
—(ai/M)[@* +io(Ba2/My) —(a2 /M) —(aa/M)[ @ +i(Bi/m) —(ar /M) (6)
f) In the special case when a/my=a,/my=w; and SB/m=L,/my=7, Eq.(6) simplifies as follows:

0/ [00°/my + 0> /My + (0 +0) /M (@0 + iy 0= 06°) — (Mo G /My My p* /Mb =206 ) (6™ /M)

(@*+iyo-od)[o*+iyo—(m+m+M) (@ /M)]

(72)



Further manipulation of Eq.(7a) then yields

(/M) + (/M) — (A + @) (Mi+My) - (g )’ [/ +my)+(1/M)]

a)2+i}/a)—a>02 a)2+iya)—a)02[1+(m1+mz)/M] ‘

po/ Exo=— (7b)

It is clear from Eq.(7b) that, in the case under consideration, the coupled oscillator is the
superposition of two simple oscillators with resonance frequencies @, and @0V 1+(m+mp)/M,
both having the same damping coefficient y. Note also that, in the limit when M— oo, the
coupling between the two dipoles vanishes, reducing Eq.(7b) to the sum of two single-dipole
oscillators with the same resonance frequency ,, the same damping coefficient y, and with
respective numerators ¢;>/m; and 0p>/Mmy, as expected.

Finally, compare the resonance frequencies of two coupled identical oscillators, namely, @,
and @,V1+(2m/M) derived in the preceding paragraphs, with the resonance frequency
@, V1+(mM/M) of each individual oscillator when uncoupled (see Problem 6). Clearly, the
coupling splits the resonance frequency, pushing one frequency lower and the other one higher.




