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Opti 501 Solutions 1/3 
 
Problem 6.8)  

a) Energy density = 𝑁𝑁∫ dℰ𝐸𝐸0
𝐸𝐸=0 = 𝑁𝑁∫ 𝑬𝑬 ∙ d𝒑𝒑𝐸𝐸0

𝐸𝐸=0 = ∫ 𝑬𝑬 ∙ d𝑷𝑷𝐸𝐸0
𝐸𝐸=0 = ∫ 𝑬𝑬 ∙ d[𝜀𝜀o 𝜒𝜒(0)𝑬𝑬]𝐸𝐸0

𝐸𝐸=0  

 = 𝜀𝜀o 𝜒𝜒(0)∫ 𝑬𝑬 ∙ d𝑬𝑬𝐸𝐸0
𝐸𝐸=0 = ½𝜀𝜀o 𝜒𝜒(0)𝐸𝐸2|

0
𝐸𝐸0 = ½𝜀𝜀o 𝜒𝜒(0)𝐸𝐸02. (1) 

In the above equation, 𝑁𝑁 is the number of dipoles per unit volume, and, as usual, 𝑷𝑷 = 𝑁𝑁𝒑𝒑. 
Note that 𝜒𝜒(0) = 𝑁𝑁𝑞𝑞2 (𝑚𝑚𝜀𝜀o𝜔𝜔0

2)⁄ = 𝑁𝑁𝑞𝑞2 (𝜀𝜀o𝛼𝛼)⁄ , where 𝛼𝛼 is the spring constant. Consequently, 

 Energy density = ½𝑁𝑁(𝑞𝑞𝐸𝐸0)2 𝛼𝛼⁄ . (2) 

In the steady state, 𝑞𝑞𝐸𝐸0 = 𝛼𝛼𝛼𝛼, where 𝑑𝑑 is the length of the dipole. In other words, the force 
of the 𝐸𝐸-field acting on the negative charge, −𝑞𝑞𝐸𝐸0, is balanced by the force of the spring (spring 
constant = 𝛼𝛼) exerted on the negative charge when the length of the spring is 𝑑𝑑. The energy 
density stored within the springs is thus given by ½𝑁𝑁𝑁𝑁𝑑𝑑2. This is readily recognized as the 
potential energy of 𝑁𝑁 springs, each having a constant 𝛼𝛼 and stretched to length 𝑑𝑑. 

b) Total energy density = 𝐸𝐸-field’s energy density + Dipoles’ energy density 

 = ½𝜀𝜀o𝐸𝐸02 + ½𝜀𝜀o𝜒𝜒(0)𝐸𝐸02 = ½𝜀𝜀o[1 + 𝜒𝜒(0)]𝐸𝐸02 = ½𝜀𝜀o𝜀𝜀(0)𝐸𝐸02. (3) 

c) Energy density per unit volume of dipoles  = ∫ 𝑬𝑬 ∙ d𝑷𝑷𝐸𝐸0 cos(𝜔𝜔𝜔𝜔+𝜑𝜑0)
𝐸𝐸=0  

 = 𝜀𝜀o 𝜒𝜒(𝜔𝜔)∫ 𝑬𝑬 ∙ d𝑬𝑬𝐸𝐸0 cos(𝜔𝜔𝜔𝜔+𝜑𝜑0)
𝐸𝐸=0  

 = ½𝜀𝜀o 𝜒𝜒(𝜔𝜔)𝐸𝐸02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). (4) 

The above expression yields the time-dependent energy-density of the dipoles. The dipoles 
gain internal energy when elongated under the influence of the 𝐸𝐸-field. When the 𝐸𝐸-field returns 
to zero, the dipoles shrink, returning their internal energy to the system in the form of radiation. 

 Total energy density = ½𝜀𝜀o𝐸𝐸02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) + ½𝜀𝜀o𝜒𝜒(𝜔𝜔)𝐸𝐸02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) 

 = ½𝜀𝜀o𝜀𝜀(𝜔𝜔)𝐸𝐸02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). 

 ⟹       Time averaged energy density = ¼𝜀𝜀o𝜀𝜀(𝜔𝜔)|𝐸𝐸0|2. (5) 

Digression: In response to the 𝐸𝐸-field 𝑬𝑬(𝑡𝑡) = 𝐸𝐸0𝒙𝒙� cos(𝜔𝜔𝜔𝜔 + 𝜑𝜑0), a single dipole will oscillate with frequency 𝜔𝜔, 
the distance between its ±𝑞𝑞 charges being 𝑥𝑥(𝑡𝑡) = 𝑥𝑥0 cos(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). The oscillation amplitude 𝑥𝑥0 is given by 
Eq.(2b) of Chapter 6 (𝛾𝛾 = 0 in the absence of dissipative losses). The oscillating dipole’s mechanical energy will 
then be given by the sum of its kinetic and potential energies, as follows: 

 ℰdipole(𝑡𝑡) = ℰ𝑘𝑘(𝑡𝑡) + ℰ𝑝𝑝(𝑡𝑡) = ½𝑚𝑚𝑣𝑣2(𝑡𝑡) + ½𝛼𝛼𝑥𝑥2(𝑡𝑡) = ½𝑚𝑚𝑥𝑥02𝜔𝜔2 sin2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) + ½𝛼𝛼𝑥𝑥02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) 

 = ½𝑚𝑚𝑥𝑥02𝜔𝜔2 + ½𝑚𝑚(𝜔𝜔0
2 − 𝜔𝜔2)𝑥𝑥02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0) 

 = ½𝑚𝑚𝑥𝑥02𝜔𝜔2 + ½ � 𝑞𝑞2 𝑚𝑚⁄
𝜔𝜔0
2−𝜔𝜔2� 𝐸𝐸𝑥𝑥02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). (6) 

Multiplying both sides of Eq.(6) by the number-density 𝑁𝑁 of the dipoles, we find the total mechanical energy-
density associated with the dipoles to be 
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 ℰ(𝑡𝑡) = ½𝑁𝑁𝑁𝑁𝑥𝑥02𝜔𝜔2 + ½𝜀𝜀o𝜒𝜒(𝜔𝜔)𝐸𝐸𝑥𝑥02 cos2(𝜔𝜔𝜔𝜔 + 𝜑𝜑0). (7) 
The first term on the right-hand side of the above equation is a (time-independent) background energy 

representing the mechanical energy-density imparted to the dipoles when the exciting field is initially established 
within the host medium; this term has been ignored in our derivation of the energy-density of the dipoles in part (c). 
The second term appearing on the right-hand side of Eq.(7) represents the continually exchanged energy-density 
between the 𝐸𝐸-field and the dipoles. This latter term, of course, is the same expression that was derived in Eq.(4). 

d) Dipoles′energy density = ∫ 𝑬𝑬 ∙ d𝑷𝑷𝐸𝐸(𝑡𝑡)
𝐸𝐸=0 = � 𝑬𝑬(𝑡𝑡′) ∙ d𝑷𝑷(𝑡𝑡′)

d𝑡𝑡′
d𝑡𝑡′

𝑡𝑡

𝑡𝑡′=0
 

 = 𝜀𝜀o𝐸𝐸02 ∫ [sin(𝜔𝜔1𝑡𝑡′) − sin(𝜔𝜔2𝑡𝑡′)][𝜔𝜔1𝜒𝜒(𝜔𝜔1) cos(𝜔𝜔1𝑡𝑡′) − 𝜔𝜔2𝜒𝜒(𝜔𝜔2) cos(𝜔𝜔2𝑡𝑡′)]d𝑡𝑡′𝑡𝑡
0  

 = 𝜀𝜀o𝐸𝐸02 ∫ [𝜔𝜔1𝜒𝜒1 sin(𝜔𝜔1𝑡𝑡′) cos(𝜔𝜔1𝑡𝑡′) + 𝜔𝜔2𝜒𝜒2 sin(𝜔𝜔2𝑡𝑡′) cos(𝜔𝜔2𝑡𝑡′)
𝑡𝑡
0  

 −𝜔𝜔1𝜒𝜒1 sin(𝜔𝜔2𝑡𝑡′) cos(𝜔𝜔1𝑡𝑡′) −𝜔𝜔2𝜒𝜒2 sin(𝜔𝜔1𝑡𝑡′) cos(𝜔𝜔2𝑡𝑡′)]d𝑡𝑡′ 

 = ½𝜀𝜀o𝐸𝐸02 �∫ [𝜔𝜔1𝜒𝜒1 sin(2𝜔𝜔1𝑡𝑡′) + 𝜔𝜔2𝜒𝜒2 sin(2𝜔𝜔2𝑡𝑡′) ]d𝑡𝑡′𝑡𝑡
0  

 −∫ 𝜔𝜔1𝜒𝜒1{sin[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡′] − sin[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡′]}d𝑡𝑡′𝑡𝑡
0  

 −∫ 𝜔𝜔2𝜒𝜒2{sin[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡′] + sin[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡′]}d𝑡𝑡′𝑡𝑡
0 � 

 = ½𝜀𝜀o𝐸𝐸02{[−½𝜒𝜒1 cos(2𝜔𝜔1𝑡𝑡′) − ½𝜒𝜒2 cos(2𝜔𝜔2𝑡𝑡′)]0
𝑡𝑡  

 +[(𝜔𝜔1𝜒𝜒1 + 𝜔𝜔2𝜒𝜒2) (𝜔𝜔1 + 𝜔𝜔2)⁄ ] cos[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡′]0
𝑡𝑡  

 −[(𝜔𝜔2𝜒𝜒2 − 𝜔𝜔1𝜒𝜒1) (𝜔𝜔2 − 𝜔𝜔1)⁄ ] cos[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡′]0
𝑡𝑡 } 

 = ½𝜀𝜀o𝐸𝐸02{−½𝜒𝜒1 cos(2𝜔𝜔1𝑡𝑡) + ½𝜒𝜒1 − ½𝜒𝜒2 cos(2𝜔𝜔2𝑡𝑡) + ½𝜒𝜒2 

 +[(𝜔𝜔1𝜒𝜒1 + 𝜔𝜔2𝜒𝜒2) (𝜔𝜔1 + 𝜔𝜔2)⁄ ]{cos[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡] − 1} 

 −[(𝜔𝜔2𝜒𝜒2 − 𝜔𝜔1𝜒𝜒1) (𝜔𝜔2 − 𝜔𝜔1)⁄ ]{cos[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡] − 1}�. (8) 

Note that cos(2𝜔𝜔1𝑡𝑡) = cos[(2𝑚𝑚− 1)(∆𝜔𝜔)𝑡𝑡] has an integer number of periods between 
𝑡𝑡 = 0 and 𝑡𝑡 = 𝑇𝑇 = 2𝜋𝜋 ∆𝜔𝜔⁄ ; therefore, time-averaging over the interval [0,𝑇𝑇] eliminates the term 
containing cos(2𝜔𝜔1𝑡𝑡). Similarly, cos(2𝜔𝜔2𝑡𝑡) = cos[(2𝑚𝑚 + 1)(∆𝜔𝜔)𝑡𝑡] vanishes upon averaging. 
The same is true of cos[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡] = cos[2𝑚𝑚(∆𝜔𝜔)𝑡𝑡] and cos[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡] = cos[(∆𝜔𝜔)𝑡𝑡]. 
Consequently, 

 Time-averaged energy density of dipoles over the interval [0,𝑇𝑇] 

 = ½𝜀𝜀o𝐸𝐸02{½𝜒𝜒1 + ½𝜒𝜒2 − [(𝜔𝜔1𝜒𝜒1 + 𝜔𝜔2𝜒𝜒2) (𝜔𝜔1 + 𝜔𝜔2)⁄ ] + [(𝜔𝜔2𝜒𝜒2 − 𝜔𝜔1𝜒𝜒1) (𝜔𝜔2 − 𝜔𝜔1)⁄ ]} 

 = ½𝜀𝜀o𝐸𝐸02 �
𝜒𝜒(𝜔𝜔1)+𝜒𝜒(𝜔𝜔2)

2
− (𝑚𝑚−½)∆𝜔𝜔𝜒𝜒(𝜔𝜔1) + (𝑚𝑚+½)∆𝜔𝜔𝜒𝜒(𝜔𝜔2)

2𝑚𝑚∆𝜔𝜔
+ (𝑚𝑚+½)∆𝜔𝜔𝜒𝜒(𝜔𝜔2) − (𝑚𝑚−½)∆𝜔𝜔𝜒𝜒(𝜔𝜔1)

∆𝜔𝜔
� 

 = ½𝜀𝜀o𝐸𝐸02 �
𝜒𝜒(𝜔𝜔1)−𝜒𝜒(𝜔𝜔2)

4𝑚𝑚
+

𝜒𝜒(𝜔𝜔1)+𝜒𝜒(𝜔𝜔2)
2

+ (𝑚𝑚∆𝜔𝜔) 𝜒𝜒(𝜔𝜔2)−𝜒𝜒(𝜔𝜔1)
∆𝜔𝜔

�. (9) 
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In the limit when ∆𝜔𝜔 → 0, we will have 𝑚𝑚 ≫ 1, in which case the first term on the right-
hand side of Eq.(9) may be ignored. Denoting by 𝜔𝜔𝑐𝑐 the central frequency ½(𝜔𝜔1 + 𝜔𝜔2) = 𝑚𝑚∆𝜔𝜔, 
we now write the time-averaged energy-density of the dipoles as follows: 

 〈Dipoles′ energy density〉 ≅ ½𝜀𝜀o𝐸𝐸02 �𝜒𝜒(𝜔𝜔𝑐𝑐) + 𝜔𝜔𝑐𝑐
d𝜒𝜒(𝜔𝜔)
d𝜔𝜔

�
𝜔𝜔=𝜔𝜔𝑐𝑐

�. (10) 

Next, we compute the time-averaged 𝐸𝐸-field energy density over the interval [0,𝑇𝑇], that is, 

 〈½𝜀𝜀o𝐸𝐸2(𝑡𝑡)〉 = 𝜀𝜀o𝐸𝐸02

2𝑇𝑇 ∫ [sin(𝜔𝜔1𝑡𝑡) − sin(𝜔𝜔2𝑡𝑡)]2d𝑡𝑡𝑇𝑇
0  

 = 𝜀𝜀o𝐸𝐸02

2𝑇𝑇 ∫ [sin2(𝜔𝜔1𝑡𝑡) + sin2(𝜔𝜔2𝑡𝑡) − 2 sin(𝜔𝜔1𝑡𝑡) sin(𝜔𝜔2𝑡𝑡)]d𝑡𝑡𝑇𝑇
0  

 = 𝜀𝜀o𝐸𝐸02

2𝑇𝑇 ∫ {½[1 − cos(2𝜔𝜔1𝑡𝑡)] + ½[1 − cos(2𝜔𝜔2𝑡𝑡)]𝑇𝑇
0  

 + cos[(𝜔𝜔1 + 𝜔𝜔2)𝑡𝑡] − cos[(𝜔𝜔1 − 𝜔𝜔2)𝑡𝑡]}d𝑡𝑡 

 = ½𝜀𝜀o𝐸𝐸02. (11) 

We thus find: 〈Total energy density〉 = 〈𝐸𝐸 field energy density〉 + 〈Dipoles′ energy density〉 

 = ½𝜀𝜀o𝐸𝐸02[1 + 𝜒𝜒(𝜔𝜔𝑐𝑐) + 𝜔𝜔𝑐𝑐𝜒𝜒′(𝜔𝜔𝑐𝑐)] 

 = ½𝜀𝜀o[𝜀𝜀(𝜔𝜔𝑐𝑐) + 𝜔𝜔𝑐𝑐𝜀𝜀′(𝜔𝜔𝑐𝑐)]𝐸𝐸02 

 = ½𝜀𝜀o �
𝑑𝑑[𝜔𝜔𝜔𝜔(𝜔𝜔)]

d𝜔𝜔
�
𝜔𝜔𝑐𝑐
�𝐸𝐸02. (12) 

Noting that the time-averaged 𝐸𝐸-field intensity over the beat period 𝑇𝑇 is 〈𝐸𝐸2(𝑡𝑡)〉 = 𝐸𝐸02, we have 

 〈Total energy density associated with 𝐸𝐸 field〉 = ½𝜀𝜀o �
𝑑𝑑[𝜔𝜔𝜔𝜔(𝜔𝜔)]

d𝜔𝜔
�
𝜔𝜔𝑐𝑐
� 〈𝐸𝐸2(𝑡𝑡)〉. (13) 

Digression: As a check on the above result, consider a quasi-monochromatic plane-wave having 𝐸𝐸-field amplitude 
𝐸𝐸�0𝒙𝒙�, 𝐻𝐻-field amplitude 𝐻𝐻�0𝒚𝒚� = 𝑛𝑛(𝜔𝜔)𝐸𝐸�0𝒚𝒚� 𝑍𝑍0⁄ , propagating in a transparent, dispersive, non-magnetic medium of 
refractive index 𝑛𝑛(𝜔𝜔) = �𝜀𝜀(𝜔𝜔) = �1 + 𝜒𝜒(𝜔𝜔). We will have 

 〈𝐸𝐸 field energy density〉 + 〈𝐻𝐻 field energy density〉 = ¼𝜀𝜀o[𝜀𝜀(𝜔𝜔) + 𝜔𝜔𝜀𝜀′(𝜔𝜔)]𝐸𝐸�02 + ¼𝜇𝜇o𝐻𝐻�02 

 = ¼𝜀𝜀o[𝜀𝜀(𝜔𝜔) + 𝜔𝜔𝜀𝜀′(𝜔𝜔) + 𝑛𝑛2(𝜔𝜔)]𝐸𝐸�02 = ½𝜀𝜀o𝑛𝑛(𝜔𝜔) �𝑛𝑛(𝜔𝜔) + 𝜔𝜔𝜀𝜀′(𝜔𝜔)
2𝑛𝑛(𝜔𝜔)

� 𝐸𝐸�02 

 = 𝑛𝑛(𝜔𝜔)
2𝑍𝑍0𝑐𝑐

[𝑛𝑛(𝜔𝜔) + 𝜔𝜔𝑛𝑛′(𝜔𝜔)]𝐸𝐸�02 = 〈𝑆𝑆𝑧𝑧〉 𝑉𝑉𝑔𝑔⁄ . (14) 

In words, the average EM energy-density, when multiplied by the group velocity 𝑉𝑉𝑔𝑔 = 𝑐𝑐 𝑛𝑛𝑔𝑔(𝜔𝜔)⁄ =
𝑐𝑐 [𝑛𝑛(𝜔𝜔) + 𝜔𝜔𝑛𝑛′(𝜔𝜔)]⁄ = 𝑐𝑐 [𝜔𝜔𝜔𝜔(𝜔𝜔)]′⁄  yields the time-averaged component 〈𝑆𝑆𝑧𝑧〉 of the Poynting vector along the 
direction of propagation, as it should. 
 


