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5-53)  
a) 𝑩𝑩(𝒓𝒓) = 𝜵𝜵 × 𝑨𝑨(𝒓𝒓) = 𝜕𝜕(sin𝜃𝜃𝐴𝐴𝜙𝜙)

𝑟𝑟 sin𝜃𝜃𝜕𝜕𝜃𝜃
𝒓𝒓� − 𝜕𝜕(𝑟𝑟𝐴𝐴𝜙𝜙)

𝑟𝑟𝜕𝜕𝑟𝑟
𝜽𝜽� 

 = �

𝜕𝜕�𝑀𝑀0𝑟𝑟 sin2 𝜃𝜃 3⁄ �
𝑟𝑟 sin𝜃𝜃𝜕𝜕𝜃𝜃

𝒓𝒓� − 𝜕𝜕�𝑀𝑀0𝑟𝑟2 sin𝜃𝜃 3⁄ �
𝑟𝑟𝜕𝜕𝑟𝑟

𝜽𝜽�;                           𝑟𝑟 < 𝑅𝑅,

𝜕𝜕�𝑀𝑀0𝑅𝑅3 sin2 𝜃𝜃 3⁄ 𝑟𝑟2�
𝑟𝑟 sin𝜃𝜃𝜕𝜕𝜃𝜃

𝒓𝒓� − 𝜕𝜕�𝑀𝑀0𝑅𝑅3 sin𝜃𝜃 3𝑟𝑟⁄ �
𝑟𝑟𝜕𝜕𝑟𝑟

𝜽𝜽�;                    𝑟𝑟 > 𝑅𝑅.
 

 = �
⅔𝑀𝑀0(cos 𝜃𝜃 𝒓𝒓� − sin 𝜃𝜃 𝜽𝜽�);                                    𝑟𝑟 < 𝑅𝑅,

⅓𝑀𝑀0𝑅𝑅3(2 cos 𝜃𝜃 𝒓𝒓� + sin 𝜃𝜃 𝜽𝜽�) 𝑟𝑟3⁄ ;                    𝑟𝑟 > 𝑅𝑅.
 

The 𝐵𝐵-field inside the sphere may be further simplified and written as 𝑩𝑩(𝒓𝒓) = ⅔𝑀𝑀0𝒛𝒛�. 

b) 𝑱𝑱bound
(𝑒𝑒) = 𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴(𝒓𝒓) = 𝜇𝜇0−1𝜵𝜵 × �𝑀𝑀0 Sphere(𝑟𝑟 𝑅𝑅⁄ )(cos𝜃𝜃 𝒓𝒓� − sin𝜃𝜃 𝜽𝜽�)� 

 = 𝜇𝜇0−1 �
𝜕𝜕(𝑟𝑟𝑀𝑀𝜃𝜃)
𝑟𝑟𝜕𝜕𝑟𝑟

− 𝜕𝜕𝑀𝑀𝑟𝑟
𝑟𝑟𝜕𝜕𝜃𝜃

�𝝓𝝓�  

 = 𝜇𝜇0−1𝑀𝑀0 �−
𝜕𝜕[𝑟𝑟Sphere(𝑟𝑟 𝑅𝑅⁄ ) sin𝜃𝜃]

𝑟𝑟𝜕𝜕𝑟𝑟
− 𝜕𝜕[Sphere(𝑟𝑟 𝑅𝑅⁄ ) cos𝜃𝜃]

𝑟𝑟𝜕𝜕𝜃𝜃
�𝝓𝝓�  

 = 𝜇𝜇0−1𝑀𝑀0 �−
[Sphere(𝑟𝑟 𝑅𝑅⁄ ) − 𝑟𝑟𝑟𝑟(𝑟𝑟−𝑅𝑅)] sin𝜃𝜃

𝑟𝑟
+ Sphere(𝑟𝑟 𝑅𝑅⁄ ) sin𝜃𝜃

𝑟𝑟
�𝝓𝝓�  

 = 𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝑟𝑟 − 𝑅𝑅) sin 𝜃𝜃𝝓𝝓� . 

Because of the 𝛿𝛿-function appearing in the above expression for current-density, the bound 
current is a surface current, having a density of 𝑱𝑱𝑠𝑠(𝑟𝑟 = 𝑅𝑅,𝜃𝜃,𝜙𝜙) = 𝜇𝜇0−1𝑀𝑀0 sin𝜃𝜃𝝓𝝓� . Note that the 
bound current circulates in the same direction, 𝝓𝝓� , everywhere on the spherical surface. The 
current-density is at its maximum on the equator, and drops to zero at the poles of the sphere. 

c) The perpendicular 𝐵𝐵-field at the surface of the sphere is 𝐵𝐵𝑟𝑟 = ⅔𝑀𝑀0 cos 𝜃𝜃, which is the same 
immediately below and immediately above the surface for each 𝜃𝜃. The continuity of 𝐵𝐵⊥ is thus 
established. 

As for the tangential 𝐻𝐻-field, in the region immediately above the surface we have 

 𝐻𝐻∥(𝑟𝑟 = 𝑅𝑅+,𝜃𝜃,𝜙𝜙) = 𝜇𝜇0−1𝐵𝐵𝜃𝜃(𝑟𝑟 = 𝑅𝑅+,𝜃𝜃,𝜙𝜙) = ⅓𝜇𝜇0−1𝑀𝑀0 sin𝜃𝜃. 

In the region immediately below the surface, the tangential component of the 𝐻𝐻-field is 

 𝐻𝐻∥(𝑟𝑟 = 𝑅𝑅−,𝜃𝜃,𝜙𝜙) = 𝜇𝜇0−1[𝐵𝐵𝜃𝜃(𝑟𝑟 = 𝑅𝑅−,𝜃𝜃,𝜙𝜙) −𝑀𝑀𝜃𝜃(𝑟𝑟 = 𝑅𝑅−,𝜃𝜃,𝜙𝜙)] 

 = 𝜇𝜇0−1(−⅔𝑀𝑀0 sin𝜃𝜃 + 𝑀𝑀0 sin𝜃𝜃) = ⅓𝜇𝜇0−1𝑀𝑀0 sin𝜃𝜃 

Clearly, the tangential component of the 𝐻𝐻-field is continuous at the sphere surface. This is 
expected, considering that no free surface-current exists at the surface of the sphere. It is not 
difficult to see that the tangential 𝐵𝐵-field has a discontinuity of magnitude 𝑀𝑀0 sin𝜃𝜃, which is 
equal to the bound surface-current-density, found in part (b), multiplied by 𝜇𝜇0. This, of course, is 
consistent with Maxwell’s second equation, 𝜵𝜵 × 𝑩𝑩(𝒓𝒓, 𝑡𝑡) = 𝜇𝜇0 𝑱𝑱total

(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) + 𝜇𝜇0𝜀𝜀0𝜕𝜕𝑬𝑬(𝒓𝒓, 𝑡𝑡) 𝜕𝜕𝑡𝑡⁄ . 


