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Opti 501 Solutions 1/2 

Problem 5.43) 
a) 𝜌𝜌(𝒓𝒓, 𝑡𝑡) = 𝜆𝜆0𝛿𝛿(𝑥𝑥)𝛿𝛿(𝑦𝑦)Rect � 𝑧𝑧

2𝐿𝐿
�. 

b) 𝜓𝜓(𝒓𝒓, 𝑡𝑡) = 1
4𝜋𝜋𝜀𝜀0

� 𝜌𝜌�𝒓𝒓′,𝑡𝑡 −�𝒓𝒓 − 𝒓𝒓′� 𝑐𝑐⁄ �
|𝒓𝒓 − 𝒓𝒓′|

∞

−∞
𝑑𝑑𝒓𝒓′ = 1

4𝜋𝜋𝜀𝜀0
� 𝜆𝜆0𝛿𝛿�𝑥𝑥′�𝛿𝛿�𝑦𝑦′�Rect�𝑧𝑧′ 2𝐿𝐿⁄ �

�(𝑥𝑥−𝑥𝑥′)2+(𝑦𝑦−𝑦𝑦′)2+(𝑧𝑧−𝑧𝑧′)2 

∞

−∞
𝑑𝑑𝑥𝑥′𝑑𝑑𝑦𝑦′𝑑𝑑𝑧𝑧′ 

 = 𝜆𝜆0
4𝜋𝜋𝜀𝜀0

� 𝑑𝑑𝑧𝑧′

�𝑥𝑥2+𝑦𝑦2+(𝑧𝑧′−𝑧𝑧)2 

𝐿𝐿

𝑧𝑧′=−𝐿𝐿
= 𝜆𝜆0

4𝜋𝜋𝜀𝜀0
ln�(𝑧𝑧′ − 𝑧𝑧) + �𝑥𝑥2 + 𝑦𝑦2 + (𝑧𝑧′ − 𝑧𝑧)2��

𝑧𝑧′=−𝐿𝐿

𝐿𝐿
 

 = 𝜆𝜆0
4𝜋𝜋𝜀𝜀0

ln � �𝑟𝑟2+ (𝐿𝐿−𝑧𝑧)2 + (𝐿𝐿−𝑧𝑧)

 �𝑟𝑟2+ (𝐿𝐿+𝑧𝑧)2 − (𝐿𝐿+𝑧𝑧)
� = 𝜆𝜆0

4𝜋𝜋𝜀𝜀0
ln �

 ��𝑟𝑟2+(𝐿𝐿−𝑧𝑧)2 + (𝐿𝐿−𝑧𝑧)���𝑟𝑟2+(𝐿𝐿+𝑧𝑧)2 + (𝐿𝐿+𝑧𝑧)�

 𝑟𝑟2
�. 

c) Introducing the normalized parameters 𝑟̃𝑟 = 𝑟𝑟 𝐿𝐿⁄  and 𝑧̃𝑧 = 𝑧𝑧 𝐿𝐿⁄ , the above equation may be 
written as follows: 

 𝜓𝜓(𝒓𝒓, 𝑡𝑡) = −𝜆𝜆0 ln 𝑟𝑟
2𝜋𝜋𝜀𝜀0

+ 𝜆𝜆0 ln 𝐿𝐿
2𝜋𝜋𝜀𝜀0

+ 𝜆𝜆0
4𝜋𝜋𝜀𝜀0

ln ���(1− 𝑧̃𝑧)2 + 𝑟̃𝑟2 + (1 − 𝑧̃𝑧)� ��(1 + 𝑧̃𝑧)2 + 𝑟̃𝑟2 + (1 + 𝑧̃𝑧)��. 

In the limit when 𝐿𝐿 → ∞, both 𝑟̃𝑟 and 𝑧̃𝑧 approach zero, and the above equation becomes 

 𝜓𝜓(𝒓𝒓, 𝑡𝑡) = 𝜆𝜆0 ln(2𝐿𝐿)
2𝜋𝜋𝜀𝜀0

− 𝜆𝜆0 ln𝑟𝑟
2𝜋𝜋𝜀𝜀0

. 

The large constant containing ln(2𝐿𝐿) in the above expression does not contribute to the 
gradient of the scalar potential. Therefore, the 𝐸𝐸-field of the infinitely-long rod is given by 

 𝑬𝑬(𝒓𝒓) = −𝜵𝜵𝜓𝜓 = −�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
� 𝒓𝒓� = 𝜆𝜆0

2𝜋𝜋𝜀𝜀0𝑟𝑟
𝒓𝒓�. 

d) The Fourier transform of the charge-density distribution is given by 

 𝜌𝜌(𝒌𝒌,𝜔𝜔) = ∫ 𝜌𝜌(𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)]𝑑𝑑𝒓𝒓𝑑𝑑𝑑𝑑∞
−∞  

 = 2𝜋𝜋𝜋𝜋(𝜔𝜔)𝜆𝜆0 ∫ exp(−i𝑘𝑘𝑧𝑧𝑧𝑧)𝑑𝑑𝑑𝑑𝐿𝐿
−𝐿𝐿 = 4𝜋𝜋𝜆𝜆0𝛿𝛿(𝜔𝜔) sin(𝐿𝐿𝑘𝑘𝑧𝑧) 𝑘𝑘𝑧𝑧⁄ . 

Since the Fourier-transformed scalar potential is 𝜓𝜓(𝒌𝒌,𝜔𝜔) = 𝜀𝜀0−1 𝜌𝜌(𝒌𝒌,𝜔𝜔) [𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2]⁄ , its 
inverse transform may now be evaluated as follows: 

 𝜓𝜓(𝒓𝒓, 𝑡𝑡) = 1
(2𝜋𝜋)4 ∫ 𝜓𝜓(𝒌𝒌,𝜔𝜔) exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)]𝑑𝑑𝒌𝒌𝑑𝑑𝑑𝑑∞

−∞  

 = 2𝜆𝜆0
(2𝜋𝜋)3𝜀𝜀0

� sin(𝐿𝐿𝑘𝑘𝑧𝑧)
𝑘𝑘𝑧𝑧 𝑘𝑘2

exp(i𝒌𝒌 ∙ 𝒓𝒓)
∞

−∞
𝑑𝑑𝒌𝒌 

 = 2𝜆𝜆0
(2𝜋𝜋)3𝜀𝜀0

� sin(𝐿𝐿𝑘𝑘𝑧𝑧)exp(i𝑘𝑘𝑧𝑧𝑧𝑧)
𝑘𝑘𝑧𝑧�𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2  + 𝑘𝑘𝑧𝑧2 �

exp�i�𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑦𝑦𝑦𝑦��
∞

−∞
𝑑𝑑𝑘𝑘𝑥𝑥𝑑𝑑𝑘𝑘𝑦𝑦𝑑𝑑𝑘𝑘𝑧𝑧 

 = 2𝜆𝜆0
(2𝜋𝜋)3𝜀𝜀0

� sin(𝐿𝐿𝑘𝑘𝑧𝑧)[cos(𝑘𝑘𝑧𝑧𝑧𝑧)+i sin(𝑘𝑘𝑧𝑧𝑧𝑧)]
𝑘𝑘𝑧𝑧

� 1
𝑘𝑘∥
2 + 𝑘𝑘𝑧𝑧2

∫ exp(i𝑘𝑘∥𝑟𝑟∥ cos𝜑𝜑)𝑘𝑘∥𝑑𝑑𝑑𝑑
2𝜋𝜋
𝜑𝜑=0

∞

𝑘𝑘∥=0

∞

𝑘𝑘𝑧𝑧=−∞

𝑑𝑑𝑘𝑘∥𝑑𝑑𝑘𝑘𝑧𝑧 

Define 𝒌𝒌∥ = 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑦𝑦𝒚𝒚� 
and 𝒓𝒓∥ = 𝑥𝑥𝒙𝒙� + 𝑦𝑦𝒚𝒚�. 



 2 

 = 𝜆𝜆0
(2𝜋𝜋)2𝜀𝜀0

� {sin[𝑘𝑘𝑧𝑧(𝐿𝐿+𝑧𝑧)]+sin[𝑘𝑘𝑧𝑧(𝐿𝐿−𝑧𝑧)]}+ i{cos[𝑘𝑘𝑧𝑧(𝐿𝐿−𝑧𝑧)]−cos[𝑘𝑘𝑧𝑧(𝐿𝐿+𝑧𝑧)]}
𝑘𝑘𝑧𝑧

� 𝑘𝑘∥𝐽𝐽0(𝑘𝑘∥𝑟𝑟∥)
𝑘𝑘∥
2+𝑘𝑘𝑧𝑧2

𝑑𝑑𝑘𝑘∥𝑑𝑑𝑘𝑘𝑧𝑧
∞

𝑘𝑘∥=0

∞

−∞

 

 = 𝜆𝜆0
(2𝜋𝜋)2𝜀𝜀0

� {sin[𝑘𝑘𝑧𝑧(𝐿𝐿+𝑧𝑧)]+sin[𝑘𝑘𝑧𝑧(𝐿𝐿−𝑧𝑧)]} − i{cos[𝑘𝑘𝑧𝑧(𝐿𝐿+𝑧𝑧)]−cos[𝑘𝑘𝑧𝑧(𝐿𝐿−𝑧𝑧)]}
𝑘𝑘𝑧𝑧

𝐾𝐾0(𝑟𝑟∥|𝑘𝑘𝑧𝑧|)𝑑𝑑𝑘𝑘𝑧𝑧
∞

−∞
 

 = 𝜆𝜆0
(2𝜋𝜋)2𝜀𝜀0

∫ 𝑘𝑘𝑧𝑧−1{sin[𝑘𝑘𝑧𝑧(𝐿𝐿 + 𝑧𝑧)] + sin[𝑘𝑘𝑧𝑧(𝐿𝐿 − 𝑧𝑧)]}𝐾𝐾0(𝑟𝑟∥|𝑘𝑘𝑧𝑧|)𝑑𝑑𝑘𝑘𝑧𝑧
∞
−∞  

 = 𝜋𝜋𝜆𝜆0
(2𝜋𝜋)2𝜀𝜀0

�ln ��𝐿𝐿+𝑧𝑧
𝑟𝑟∥
�+ �1 + �𝐿𝐿+𝑧𝑧

𝑟𝑟∥
�
2
� + ln ��𝐿𝐿−𝑧𝑧

𝑟𝑟∥
�+ �1 + �𝐿𝐿−𝑧𝑧

𝑟𝑟∥
�
2
�� 

 = −𝜆𝜆0 ln𝑟𝑟∥
2𝜋𝜋𝜀𝜀0

+ 𝜆𝜆0
4𝜋𝜋𝜀𝜀0

ln ��(𝐿𝐿 + 𝑧𝑧) + �𝑟𝑟∥2 + (𝐿𝐿 + 𝑧𝑧)2� �(𝐿𝐿 − 𝑧𝑧) + �𝑟𝑟∥2 + (𝐿𝐿 − 𝑧𝑧)2��. 

This result is identical with that obtained in part (b), which was obtained using direct evaluation 
in the spacetime domain. 

The terms of the integrand 
that contain cosines are odd 
functions of kz; therefore, 

their integrals vanish. 


