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Opti 501 Solutions 1/2 
 
4.35) First, we compute the bound current-density of the magnetic particle, as follows: 

 𝑱𝑱bound
(𝑒𝑒) (𝑟𝑟, 𝑡𝑡) = 𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴(𝒓𝒓, 𝑡𝑡) = 𝜇𝜇0−1𝜵𝜵 × �𝑀𝑀0Sphere(𝑟𝑟 𝑅𝑅⁄ )(cos𝜃𝜃 𝒓𝒓� − sin𝜃𝜃 𝜽𝜽�)� 

 = 𝜇𝜇0−1𝑀𝑀0 �−
𝜕𝜕[𝑟𝑟 Sphere(𝑟𝑟 𝑅𝑅⁄ ) sin𝜃𝜃]

𝑟𝑟𝜕𝜕𝑟𝑟
− 𝜕𝜕[Sphere(𝑟𝑟 𝑅𝑅⁄ ) cos𝜃𝜃]

𝑟𝑟𝜕𝜕𝜃𝜃
�𝝓𝝓�  

 = 𝜇𝜇0−1𝑀𝑀0 �−
[Sphere(𝑟𝑟 𝑅𝑅⁄ ) − 𝑟𝑟𝑟𝑟(𝑟𝑟−𝑅𝑅)] sin𝜃𝜃

𝑟𝑟
+ Sphere(𝑟𝑟 𝑅𝑅⁄ ) sin𝜃𝜃

𝑟𝑟
�𝝓𝝓�  

 = 𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝑟𝑟 − 𝑅𝑅) sin 𝜃𝜃𝝓𝝓� . (1) 

It is seen that the bound current is confined to the sphere’s surface, flowing in the azimuthal 
direction 𝝓𝝓� . The Fourier transform of the current-density is given by 

 𝑱𝑱bound
(𝑒𝑒) (𝒌𝒌,𝜔𝜔) = ∫ 𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝑟𝑟 − 𝑅𝑅) sin𝜃𝜃𝝓𝝓� exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝑡𝑡)] d𝒓𝒓d𝑡𝑡∞

−∞  

 = 𝜇𝜇0−1𝑀𝑀0[2𝜋𝜋𝛿𝛿(𝜔𝜔)]∫ 𝛿𝛿(𝑟𝑟 − 𝑅𝑅)(𝒛𝒛� × 𝒓𝒓�) exp(−i𝒌𝒌 ∙ 𝒓𝒓) d𝒓𝒓∞
−∞  

 = 2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)𝒛𝒛� × � ∫ 𝛿𝛿(𝑟𝑟 − 𝑅𝑅)(cos𝜃𝜃 𝒌𝒌�) exp(−i𝑘𝑘𝑟𝑟 cos𝜃𝜃) 2𝜋𝜋𝑟𝑟2 sin𝜃𝜃 d𝜃𝜃d𝑟𝑟𝜋𝜋
𝜃𝜃=0

∞

𝑟𝑟=0
 

 = 4𝜋𝜋2𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)(𝒛𝒛� × 𝒌𝒌�)� 𝑟𝑟2𝛿𝛿(𝑟𝑟 − 𝑅𝑅)�∫ sin𝜃𝜃 cos𝜃𝜃 exp(−i𝑘𝑘𝑟𝑟 cos𝜃𝜃) d𝜃𝜃𝜋𝜋
𝜃𝜃=0 �d𝑟𝑟

∞

𝑟𝑟=0
 

 = −8i𝜋𝜋2𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)(𝒛𝒛� × 𝒌𝒌�)� sin(𝑘𝑘𝑟𝑟)−𝑘𝑘𝑟𝑟 cos(𝑘𝑘𝑟𝑟)
𝑘𝑘2

𝛿𝛿(𝑟𝑟 − 𝑅𝑅)d𝑟𝑟
∞

𝑟𝑟=0
 

 = −8i𝜋𝜋2𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)(𝒛𝒛� × 𝒌𝒌�) [sin(𝑘𝑘𝑅𝑅) − 𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)] 𝑘𝑘2⁄ . (2) 

Now, in the Fourier domain, the vector potential is related to the total current-density as follows: 

 𝑨𝑨(𝒌𝒌,𝜔𝜔) = 𝜇𝜇0 𝑱𝑱total
(𝑒𝑒) (𝒌𝒌,𝜔𝜔) [𝑘𝑘2 − (𝜔𝜔 𝑐𝑐⁄ )2]� . (3) 

An inverse Fourier transform thus yields the vector potential in the space-time domain, that is, 

 𝑨𝑨(𝒓𝒓, 𝑡𝑡) = −8i𝜋𝜋2𝑀𝑀0
(2𝜋𝜋)4 𝒛𝒛� × � 𝛿𝛿(𝜔𝜔)𝒌𝒌� �sin(𝑘𝑘𝑅𝑅)−𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)

𝑘𝑘2[𝑘𝑘2−(𝜔𝜔 𝑐𝑐⁄ )2] � exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝑡𝑡)] d𝒌𝒌d𝜔𝜔
∞

−∞
 

 = − i𝑀𝑀0
2𝜋𝜋2

𝒛𝒛� × � 𝒌𝒌� �sin(𝑘𝑘𝑅𝑅)−𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)
𝑘𝑘4

� exp(i𝒌𝒌 ∙ 𝒓𝒓) d𝒌𝒌 
∞

−∞
 

 = − i𝑀𝑀0
2𝜋𝜋2

(𝒛𝒛� × 𝒓𝒓�)� ∫ cos𝜃𝜃 �sin(𝑘𝑘𝑅𝑅)−𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)
𝑘𝑘4

� exp(i𝑘𝑘𝑟𝑟 cos𝜃𝜃) 2𝜋𝜋𝑘𝑘2 sin𝜃𝜃 d𝜃𝜃d𝑘𝑘𝜋𝜋
𝜃𝜃=0

∞

𝑘𝑘=0
 

 = −i(𝑀𝑀0 𝜋𝜋⁄ )(𝒛𝒛� × 𝒓𝒓�)� �sin(𝑘𝑘𝑅𝑅)−𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)
𝑘𝑘2

� ∫ sin𝜃𝜃 cos𝜃𝜃 exp(i𝑘𝑘𝑟𝑟 cos𝜃𝜃) d𝜃𝜃d𝑘𝑘 𝜋𝜋
𝜃𝜃=0

∞

𝑘𝑘=0
 

 = (2𝑀𝑀0 𝜋𝜋𝑟𝑟2⁄ )(𝒛𝒛� × 𝒓𝒓�)� sin(𝑘𝑘𝑅𝑅)−𝑘𝑘𝑅𝑅 cos(𝑘𝑘𝑅𝑅)
𝑘𝑘2

× sin(𝑘𝑘𝑟𝑟)−𝑘𝑘𝑟𝑟 cos(𝑘𝑘𝑟𝑟)
𝑘𝑘2

d𝑘𝑘
∞

0
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 = (2𝑀𝑀0 𝜋𝜋𝑟𝑟2⁄ )(𝒛𝒛� × 𝒓𝒓�)� d
d𝑘𝑘

[sin(𝑘𝑘𝑅𝑅) 𝑘𝑘⁄ ] × d
d𝑘𝑘

[sin(𝑘𝑘𝑟𝑟) 𝑘𝑘⁄ ]d𝑘𝑘
∞

0
. (4) 

To evaluate the integral appearing in the above equation, note that sin(𝛼𝛼𝑘𝑘) 𝑘𝑘⁄  is the Fourier 
transform of ½Rect(𝑥𝑥 2𝛼𝛼⁄ ), which implies that d[sin(𝛼𝛼𝑘𝑘) 𝑘𝑘⁄ ] d𝑘𝑘⁄  is the Fourier transform of 
−(i𝑥𝑥 2⁄ )Rect(𝑥𝑥 2𝛼𝛼⁄ ). It is not difficult to show that ∫ 𝐹𝐹(𝑘𝑘)𝐺𝐺(𝑘𝑘)d𝑘𝑘∞

−∞ = 2𝜋𝜋 ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥)d𝑥𝑥∞
−∞ . 

Finally, taking note of the fact that the integrand in Eq.(4) is an even function of 𝑘𝑘, we write 

 � d
d𝑘𝑘

[sin(𝑘𝑘𝑅𝑅) 𝑘𝑘⁄ ] × d
d𝑘𝑘

[sin(𝑘𝑘𝑟𝑟) 𝑘𝑘⁄ ]d𝑘𝑘
∞

0
= 𝜋𝜋 ∫ (−i𝑥𝑥 2⁄ )Rect(𝑥𝑥 2𝑅𝑅⁄ ) × (i𝑥𝑥 2⁄ )Rect(−𝑥𝑥 2𝑟𝑟⁄ )d𝑥𝑥∞

−∞  

 = (𝜋𝜋 4⁄ )∫ 𝑥𝑥2d𝑥𝑥min(𝑟𝑟,𝑅𝑅)
−min(𝑟𝑟,𝑅𝑅) = (𝜋𝜋 6⁄ ) min(𝑟𝑟3,𝑅𝑅3). (5) 

Substitution into Eq.(4), and also replacing 𝒛𝒛� × 𝒓𝒓� with sin𝜃𝜃𝝓𝝓� , now yields 

 𝑨𝑨(𝒓𝒓, 𝑡𝑡) = �
𝑀𝑀0𝑟𝑟 sin𝜃𝜃𝝓𝝓� 3⁄ ;                      𝑟𝑟 ≤ 𝑅𝑅,

𝑀𝑀0𝑅𝑅3 sin𝜃𝜃𝝓𝝓� (3𝑟𝑟2)⁄ ;           𝑟𝑟 ≥ 𝑅𝑅.
 (6) 

 


