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Opti 501 Solutions

Problem 34) The polarization of the point-dipole is P(r,t) =p,Z8[X—x,(t)]15(y) d(2), where

Xo(t) is the location of the dipole on the x-axis at time t. Initially, X,(t) is —oo, but as time goes on,
the gradient force of the E-field pulls the dipole closer to the capacitor.

a) In the absence of magnetic fields, the EM force-density is given by F(r,t)=[P(r,t)- V]E(r,1).
Considering that the dipole moves slowly, we ignore the effect of its own radiation and write

— _ The capacitor’s E-field
F(r.0) = RolX-xO18(Y) S(TB(N)Ioz «f T mrantrs £ (1)

The total force experienced by the dipole at time t is thus obtained by integrating Eq.(1) over the
entire space, namely,

f(t) =j°:0 F(r.t)dr = p,7E(r)/o7]

x=Xy(t), =0, =0 ; P10 E [x=x,(t),y=0,z=0]X. (2)

At the location of the dipole,
E, and E, do not vary with z

For the static field of the capacitor, VxE =0 yields JE«/5z=JE,/ox. Therefore,
f(t) =p,(@IOXE,[x=x,(t), y=0,2=0] . )
The force on the dipole is thus seen to be a function of its position; as such, it may be written
f.(x)=p,(GIOX)E,(x,,0,0). Since the work done on the dipole when it moves by a distance Ax
along the x-axis is given by fy(X,)AX, the work done in moving from x=—o0 to x=0 is given by

[° £,000%, = p,[° [E(x0,0)/axdx = p,E(0.0,0) = p,E, (4)

b) Denoting the energy-density exchanged between the field and the dipole by &(r,t), we have

O&(r,1)[ot=E(r,t)-OP(r,t)/dt=—p,E,(r) X (1)o' [X—x,(t)]5(y) 6(2). (5)
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Derivative of x,(t) || Derivative of 5(x)
with respect to time. | | with respect to x.

Integrating the above equation over the entire space at fixed time t, and denoting by &£(t)

the integrated &(r,t), we find the time-rate-of-exchange of energy between the E-field and the
dipole as follows:

OEM)IAt = pX 1) (CIONEIx=X(t), y=0,2=01= p,GIDE[x,(1),0,01.  (6)

Integrating over time now yields the energy gained by the dipole in going from x=—oo to x=0 at
center of the capacitor as p, Eo.

c) In Problem 23 it was shown that the energy content of an ideal capacitor whose E-field is EoZ
would be reduced by poE, if a spherical dipole p,z were placed anywhere inside the capacitor.
This is because the E-field of the dipole inside the sphere adds to the capacitor’s field, while, on
average, the dipolar E-field outside the sphere subtracts from that of the capacitor. When the net
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E-field is put into the expression Y2&,|E |* of the energy-density and integrated over all space, the
cross-term between the two fields causes a reduction of the total energy by p,E,. The kinetic
energy gained by the dipole is thus accounted for by the reduced overall energy of the E-field.




