
Opti 501 Solutions 

Problem 26) 

a) ρ (r,t) = qδ (x−Vt)δ (y)δ (z); J(r, t) =qVδ (x−Vt)δ (y)δ (z) x^ . 

b) ρ (k,ω) = ∫∫∫∫−∞
∞
ρ (r, t)exp[− i(k ⋅r −ω t)]drdt = q ∫∫−∞

∞
δ (x−Vt)exp[− i(kxx−ω t)]dxdt 

 = q ∫−∞
∞

exp[i(ω −Vkx) t]dt = 2πqδ (ω −Vkx). 

 J(k,ω) = ∫∫∫∫−∞
∞

J(r, t)exp[− i(k ⋅r −ω t)]drdt = qV x^ ∫∫−∞
∞
δ (x−Vt)exp[− i(kxx −ω t)]dxdt 

 = qV x^ ∫−∞
∞

exp[i(ω −Vkx)t]dt = 2πqVδ (ω −Vkx) x^ . 

The scalar and vector potentials are thus given by 

 ψ (k,ω) = εo
−1ρ (k,ω)/(k2−ω2/c2) = (2πq /εo)δ (ω −Vkx)/(k2−ω2/c2); 

 A(k,ω) = μoJ(k,ω)/(k2−ω2/c2) = (2πμoqV  x^ )δ (ω −Vkx)/(k2−ω2/c2). 

c) Inverse Fourier transforming the scalar potential, we find 

  ψ (r,t) = (2π )−4∫∫∫∫−∞
∞
ψ (k,ω)exp[i(k ⋅r −ω t)]dkdω 

 = (2π )−3(q/εo)∫∫∫∫−∞
∞

(k2−ω2/c2)−1δ (ω −Vkx)exp[i(k ⋅r −ω t)]dkdω 

 = (2π )−3(q/εo)∫∫∫−∞
∞

[(1−V 2/c2)kx
2 +ky

2 +kz
2]−1exp{i[kx(x−Vt)+kyy+kzz]}dkxdky dkz 

Defining the parameter γ = 1/√ 1− (V /c)2, then changing the variable from kx to kx /γ  yields 

 ψ (r,t) = (2π )−3(γq/εo)∫∫∫−∞
∞

(kx
2 +ky

2 +kz
2)−1exp{i[kxγ (x−Vt)+kyy+kzz]}dkxdky dkz 

 = (2π )−3(γq/εo)∫∫∫−∞
∞

k −2exp{ik ⋅[γ (x−Vt)  x^ +y y^ + z  z^ ]}dk 

 = (2π )−2(γq/εo)∫0
∞
dk ∫0

π
sinθ exp[ik√γ 2(x−Vt)2+y2+ z2 cosθ ]dθ 

 = (γq /2π 2εo)∫0
∞{sin[k√γ 2(x−Vt)2+y2+ z2]/[k√γ 2(x−Vt)2+y2+ z2]}dk  

 =γq /[4πεo√γ 2(x−Vt)2+y2+ z2] 
 
Similarly, the inverse Fourier transform of A(k,ω) is found to be 

 A(r, t) = μoγ qV  x^ /[4π√γ 2(x−Vt)2+y2+ z2]. 

d) The fields are found using E(r,t) =−∇ψ (r,t) −∂A(r, t)/∂ t and B(r, t)=∇ ×A(r,t), as follows: 

 E(r, t) = (γq /4πεo)[(x−Vt)  x^ +y y^ + z z^]/[γ 2(x−Vt)2+y2+ z2]3/2; 

 B(r, t) = (μoqγV /4π )(−z y^ +y z^)/[γ 2(x−Vt)2+y2+ z2]3/2. 
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