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Opti 501 Solutions Fall 2016 
 
Problem 4.13) The bound current-density of the magnetic point-dipole 𝑚𝑚𝑚𝑚(𝒓𝒓)𝒛𝒛� is given by 

 𝑱𝑱bound
(𝑒𝑒) = 𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴(𝒓𝒓) = 𝜇𝜇0−1𝜵𝜵 × [𝑚𝑚𝑚𝑚(𝑥𝑥)𝑚𝑚(𝑦𝑦)𝑚𝑚(𝑧𝑧)𝒛𝒛�] 

 = (𝑚𝑚 𝜇𝜇0⁄ )[𝑚𝑚(𝑥𝑥)𝑚𝑚′(𝑦𝑦)𝑚𝑚(𝑧𝑧)𝒙𝒙� − 𝑚𝑚′(𝑥𝑥)𝑚𝑚(𝑦𝑦)𝑚𝑚(𝑧𝑧)𝒚𝒚�]. 

One way to solve for the 𝐻𝐻-field is to write Maxwell’s 2nd and 4th equations, the only ones that 
are relevant to magnetostatics, as follows: 

Eq.(2): 𝜵𝜵 × 𝑯𝑯(𝒓𝒓) = 𝑱𝑱free + 𝜕𝜕𝑫𝑫 𝜕𝜕𝜕𝜕⁄ = 0  →   i𝒌𝒌 × 𝑯𝑯(𝒌𝒌) = 0  →    𝑯𝑯(𝒌𝒌) is a longitudinal field. 

Eq.(4): 𝜵𝜵 ∙ 𝑩𝑩(𝒓𝒓) = 0    →     𝜵𝜵 ∙ (𝜇𝜇0𝑯𝑯 + 𝑴𝑴) = 0      →       𝜇𝜇0𝜵𝜵 ∙ 𝑯𝑯(𝒓𝒓) = −𝜵𝜵 ∙ 𝑴𝑴(𝒓𝒓) 

 →   i𝜇𝜇0𝒌𝒌 ∙ 𝑯𝑯(𝒌𝒌) = −i𝒌𝒌 ∙ 𝑴𝑴(𝒌𝒌)  →   𝜇𝜇0𝒌𝒌 ∙ 𝑯𝑯(𝒌𝒌) = −𝒌𝒌 ∙ 𝑚𝑚𝒛𝒛�    →   𝑯𝑯(𝒌𝒌) = −(𝑚𝑚 𝜇𝜇0⁄ )𝑘𝑘𝑧𝑧𝒌𝒌�/𝑘𝑘. 

The function 𝑯𝑯(𝒌𝒌) must now be inverse Fourier transformed to the space domain, as follows: 

 𝑯𝑯(𝒓𝒓) = ℱ−1{𝑯𝑯(𝒌𝒌)} = −(2𝜋𝜋)−3(𝑚𝑚 𝜇𝜇0⁄ )∭ (𝑘𝑘𝑧𝑧𝒌𝒌� 𝑘𝑘⁄ ) exp(i𝒌𝒌 ∙ 𝒓𝒓)𝑑𝑑𝒌𝒌∞
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An alternative method of solving this problem involves writing Maxwell’s 2nd and 4th equations 
as follows: 

Eq.(4): 𝜵𝜵 ∙ 𝑩𝑩(𝒓𝒓) = 0    →    i𝒌𝒌 ∙ 𝑩𝑩(𝒌𝒌) = 0   →    𝑩𝑩(𝒌𝒌) is a transverse field. 

Eq.(2): 𝜵𝜵 × 𝑯𝑯(𝒓𝒓) = 0  →   𝜵𝜵 × (𝜇𝜇0𝑯𝑯 + 𝑴𝑴) = 𝜵𝜵 × 𝑴𝑴(𝒓𝒓)      →     i𝒌𝒌 × 𝑩𝑩(𝒌𝒌) = i𝒌𝒌 × 𝑴𝑴(𝒌𝒌) 

 →    𝒌𝒌 × 𝑩𝑩(𝒌𝒌) = 𝒌𝒌 × 𝑚𝑚𝒛𝒛�       →       𝒌𝒌 × [𝒌𝒌 × 𝑩𝑩(𝒌𝒌)] = 𝒌𝒌 × (𝒌𝒌 × 𝑚𝑚𝒛𝒛�) 

 →   [𝒌𝒌 ∙ 𝑩𝑩(𝒌𝒌)]𝒌𝒌 − (𝒌𝒌 ∙ 𝒌𝒌)𝑩𝑩(𝒌𝒌) = 𝑚𝑚(𝒌𝒌 ∙ 𝒛𝒛�)𝒌𝒌 −𝑚𝑚(𝒌𝒌 ∙ 𝒌𝒌)𝒛𝒛�   → 𝑩𝑩(𝒌𝒌) = −(𝑚𝑚𝑘𝑘𝑧𝑧 𝑘𝑘2⁄ )𝒌𝒌 + 𝑚𝑚𝒛𝒛�. 

Given that 𝑩𝑩(𝒌𝒌) = 𝜇𝜇0𝑯𝑯(𝒌𝒌) + 𝑴𝑴(𝒌𝒌) = 𝜇𝜇0𝑯𝑯(𝒌𝒌) + 𝑚𝑚𝒛𝒛�, we will have 𝑯𝑯(𝒌𝒌) = −(𝑚𝑚 𝜇𝜇0⁄ )𝑘𝑘𝑧𝑧𝒌𝒌�/𝑘𝑘, 
which is the same result as obtained previously. 
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Change of variable: 𝑥𝑥 = 𝑘𝑘𝑘𝑘 

𝑘𝑘𝑧𝑧 exp(i𝒌𝒌 ∙ 𝒓𝒓) = −i(𝜕𝜕 𝜕𝜕𝑧𝑧⁄ ) exp(i𝒌𝒌 ∙ 𝒓𝒓) 
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