Solutions Opti 501

Problem 8) The circular loop’s current density J(r,t)=|05(rH—R)§(Z)¢/5\ may be Fourier
transformed as follows:

Ik, o) =M I Hexp[—i(k-r—wt)]drdt = 271,5(@) 2 x [ T, 5(r,—~Ryexp(-ik,-r,)dr,
= 271,8() (2 xK ) [ cos 5(r, ~Ryexp(—ik,r, cosg)r, dgdr,
= 27z|05(a))(2 X lzu)fowr”é'(ru— R)dr‘|f02”cos¢exp(—ik|‘rHcos¢)d¢

=—i@27)’ RlOJl(RkH)é‘(a))(E xK;) < Ji(+) is Bessel function of first kind, 1* order.
(G&R 3.915-2)

Inverse Fourier transforming the vector potential A(K, @) = 10 J(K, @) /(K*— @*/c?) then yields,
ALY =n) I 7 AK, w)expli(k-r-ot)]dkdo
= —iQ27) 2uoRlI2 x [ K, [3(RK Yexp(ik-r)/(k +k2)]dk
= —i(oRlo/47)2 X//,:(ﬁn/ku) exp(—[Z k) J(Rk)exp(ik-r)dk (G&R 3.389-5)
——i(uoRlo/Am) (@ 1)) /] “exp(-12k ) IRk )dk, /; cosg exp(ik,r cosg)dg
=72 1oRI o¢3/0 “exp(-1z|ky) I(RK) Ji(r k) dk, (G&R 3.915-2)

= (olo/27) VR/r 1 Qul( R*+r HZ + ZZ)/(2 Rr H)]¢? < Q,,(") is Legendre function of 2™
kind, order 5. (G&R 6.612-3)

Alternatively, one may calculate the vector potential A(r,t) by direct integration over the current
density of the loop, namely,

ALY = (/4 [ 13 t=|r=r'|/c)/|r—r'|]dr’

= (1oRIo/27)8 /) Tcosp VR +1 T+ Z=2Rr| cos$)] dg.

The two methods must yield identical results; therefore, defining x=(R*+r >+ 2°)/(2Rr ), where
x>1, we conclude that the following identity must hold:

V2Q,,() = /" (cos/Vx—cosg)dg

=xJ, dg/Vx—cosg -], Vx—cosgds
= 2(X/Vx+ )K[V2/(x+1)] =2VX+ 1 E[V2/(x+1)]. (G&R 3.671-4,5)

In the last equation, K(-) and E(-) are complete elliptic integrals of the first and second kind,
respectively. For a description of these and other elliptic integrals see G&R 8.1.



In the limit when R— 0, the current loop must approach a magnetic point-dipole. In this
limit X— oo, and the arguments of K(-) and E(-) approach zero. We thus use the first three terms
in the Taylor series expansions of K(-) and E(-), namely, K(K)="z[1+(k*/4)+(9k"/64)+--]
and E(K)="%7[1—(k*/4)—(3k*/64)—--] to write < G&R 8.113-1 and 8.114-1

A0 = (olo/27)V2RIE, {(}IVX+ DK[V2/(x+ 1)]=Vx+ 1E[V2/(x+ D]} ¢
= (Uolo/ TO)VIRIT [(x+ 1)~ (914) (x+1) ] ¢
~ (4olo/16) V2RI {2Rr [(R+1 Y+ 21} 6
~ (Uolo R $/(r 2+ 2"
~ (Uo/Am) TR g2 x /12,

The last expression is the vector potential of the magnetic point-dipole m = 1, (7R) 1, z.




