
Solutions Opti 501 

Problem 7) 

a) Charge density ρ (r, t) =σsoCirc(r | | /R)δ (z); current density J(r,t) =σsor | |Ω Circ(r | | /R)δ (z)φ^ . 
Here we have taken into account the velocity of the charges being r | |Ω at a location on the disk 
where the radius is r | | . 

b) ρ (k,ω) = ∫∫∫∫−∞
∞
ρ (r, t)exp[− i(k ⋅r −ω t)]drdt  

 = 2πσsoδ (ω) ∫∫−∞
∞

Circ(r | | /R)exp(− ik | | ⋅ r | |)dr | | 

 = 2πσsoδ (ω) ∫∫−∞
∞

Circ(r | | /R)exp(− ik | |r | |cosφ )r | | dφ dr | | 

 = 2πσsoδ (ω) ∫0
R
r | | dr | | ∫0

2π
exp(− ik | |r | |cosφ )dφ  

 = (2π )2σsoδ (ω) ∫0
R
r | | J0(k | |r | |)dr | |                     ← J0(⋅) is Bessel function of first kind, 0th order 

 = (2π )2σsoRk | |
−1J1(Rk | |)δ (ω).                        ← J1(⋅) is Bessel function of first kind, 1st order 

 (G&R 3.915-2 and 5.52−1) 

 J(k,ω) = ∫∫∫∫−∞
∞

J(r, t)exp[− i(k ⋅r −ω t)]drdt  

 = 2πσsoΩδ (ω) z^ ×∫∫−∞
∞

 r^ | | r | |Circ(r | | /R)exp(− ik | | ⋅ r | |)dr | | 

 = 2πσsoΩδ (ω)z^ ×∫∫−∞
∞

 k
^

| | cosφ Circ(r | | /R)exp(− ik | |r | |cosφ )r | |
2dφdr | | 

 = 2πσsoΩδ (ω)(z^ ×k
^

| |) ∫0
R
r | |

2dr | | ∫0
2π

cosφ exp(−ik | |r | |cosφ )dφ  

 = −i(2π )2σsoΩδ (ω)(z^ ×k
^

| |) ∫0
R
r | |

2J1(k | |r | |)dr | | ← J1(⋅) is Bessel function of first kind, 1st order 

 = −i(2π )2σsoΩR2k | |
−1J2(Rk | |)δ (ω)(z^ ×k

^
| |).    ← J2(⋅) is Bessel function of first kind, 2nd order 

 (G&R 3.915-2 and 5.52−1) 

c) Scalar potential ψ (k,ω) = εo
−1ρ (k,ω)/(k2−ω2/c2); 

Vector potential A(k,ω) = μoJ(k,ω)/(k2−ω2/c2). 

Digression: Inverse Fourier transforming the above potentials yields expressions for ψ (r, t) and 
A(r, t) in the form of one-dimensional integrals, although no simple closed forms seem to exist. 

 ψ (r,t) = (2π )−4∫∫∫∫−∞
∞
ψ (k,ω)exp[i(k ⋅r −ω t)]dkdω 

 = (2π )−2εo
−1σsoR ∫∫∫−∞

∞
k | |

−1J1(Rk | |)exp(i k ⋅r)/(k | |
2+kz

2)dk 

 = (σsoR /4πεo) ∫∫−∞
∞

k | |
−2exp(−|z|k | |)J1(Rk | |)exp(i k | | ⋅r | |)dk | | (G&R 3.389-5) 

 = (σsoR /4πεo)∫0
∞

k | |
−1exp(−|z |k | |) J1(Rk | |)dk | | ∫0

2π
exp(ik | |r | |cosφ )dφ  
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 = ½(σsoR /εo)∫0
∞

k | |
−1exp(−|z |k | |) J1(Rk | |) J0(r | |k | |)dk | |. (G&R 3.915-2) 

 A(r, t) = (2π )−4∫∫∫∫−∞
∞

A(k,ω)exp[i(k ⋅r −ω t)]dkdω 

 = −i(2π )−2μoσsoΩ R2  z^ ×∫∫∫−∞
∞

(k
^

| | /k | |) [J2(Rk | |)exp(i k ⋅r)/(k | |
2+kz

2)]dk 

 = −i(μoσsoΩ R2/4π)  z^ ×∫∫−∞
∞

(k
^

| | /k | |
2)exp(−|z|k | |)J2(Rk | |)exp(ik | | ⋅r | |)dk | | (G&R 3.389-5) 

 = −i(μoσsoΩR2/4π)(z^ ×r^ | |)∫0
∞

k | |
−1exp(−|z|k | |)J2(Rk | |)dk | |∫0

2π
cosφ exp(ik | |r | |cosφ)dφ  

 = ½μoσsoΩ R2φ^ ∫0
∞

k | |
−1exp(−|z|k | |) J2(Rk | |) J1(r | |k | |)dk | |. (G&R 3.915-2) 


