Opti 501 Solutions Fall 2016

Problem 4.5) a) In the Fourier domain, the scalar potential (k)
is readily obtained from the charge-density distribution p(k), as
follows:

p(k) = 4mp,[sin(kR) — kR cos(kR)]/k3. (1)
Y(k) = £33 = (4mpo/e0) [sin(kR) — kR cos(kR)I/K°. (2) -k,

An inverse Fourier transformation now yields

() = (2m) 73 [ _p(k)exp(ik - r)dk

_ _4mpo
T (2m)3g

K

fkoio fenzo{[sin(kR) — kR cos(kR)]/k°} exp(ikr cos 8)2mk? sin 8 dkd6

= np—;fkoio{[sin(kR) — kR cos(kR)]/lr”}[féT=O sin 6 exp(ikr cos 0)d6|dk. (3)

The elementary integral over 6 is evaluated below:

f:zo sin @ exp(ikr cos 0) df = f_+11 exp(ikrx) dx = exp(ikr) ;{:Xp(_ikr) =2 Si:ikr). (3a)

Subsequently, noting that % [sin(kR)/k] = [kR cos(kR) — sin(kR)]/k?, Eq.(3) is rewritten as

p(r) = — 22 f ) (= [sin(kR)/k1} [sinCkr) /k?]dk. (4)
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Let the function f(r) be the integral appearing in Eq.(4), namely,

f(r) = f {% [sin(kR) /k]} [sin(kr)/k?]dk. (5)
0

Differentiating f (r) with respect to r twice, we find
() = — f {2 [sin(kR) /i) sinCir) dk. (6)
0

The function " (r) may be evaluated using the method of integration by parts, as follows:

0
f'(r) = —[WI?&O + J, [sin(kR)/k][r cos(kr)]dk

_ Tf sin[k(R+1)] + sin[k(R-T1)] dk
0

2k

= Yor{ [, {sin[k (R + r)]/k}dk + [ "{sin[k(R — r)]/k}dk}
foo(Sinx) dx = Ym > = 1/zr[foo(sin x/x)dx + foo(sinx/x)dx] = {%nr; Tk (7)
o X 0 PSR 10 0; r > R.

The function f”(r) should now be twice integrated to yield f (), that is,

1



a+ pr + (nr3/12); r <R,
fr) = { (8)
y + 6r; r > R.
Here a, 5, v, § are constants of integration, to be determined shortly. From Eqg.(4) we have
(a/7) + B + (nr?/12); r <R,
Mﬂ=—%fm=—ﬁ% g )
TéoT T \(y/r) + 6; r > R.

The potential at r = co must vanish; therefore, § = 0. Also, at the sphere center, r = 0, the
potential must be finite, which implies that « = 0. Furthermore, at the sphere surface, r = R, the
potential must be continuous; thus B + (TR?/12) = y/R. Therefore, y = [B + (mR?/12)]R.

We will have
B + (mr?/12); r <R,
W”=—%% (10)
" \[B + (mR2/12)IR /7 ; r > R.
The E-field is obtained by evaluating the gradient of 1 (r), namely,
E(%—V()—[a<var—m1mm; TR
r) = =Vyp@r) = —[0p(r)/or]F = = B+ R2ADIR/: ¥R (11)

Now, E(r) must also be continuous at » = R. Therefore, nR/6 = — [ + (R?/12)]/R,
which yields g = —mR? /4. We will finally have

(R?/2) — (r?/6) _ (anR*/3)po {(3R2 -r?)/(2R®); r<R
R3/(3r) 4meo 1/r; r > R.

Y(r) = (po/&0) { (12)

b) In the Fourier domain, the charge-density p(k) and the scalar potential y (k) are given by
p(k) = 4nRo, sin(kR) /k. (13)
(k) = p(k)/(e0k?) = 4mRag sin(kR)/ (eok?). (14)

An inverse Fourier transformation yields

Y(r) = (‘::;:;0 szo fenzo[sin(kR)/k3] exp(ikr cos 0) 2mk? sin 0 dkd@

= 2% ka:O[Sin(kR)/k] Uen:o sin 6 exp(ikr cos Q)dg]dk
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_ 2Rag fooo[sin(kR) sin(kr)/k?]dk ™ 2sin(kr)/(kr); see Eq.(3a) |

0 00 . .
| Integration by parts |_) _ 72;:72 {—sin(k . kr)/kh?:o n j R cos(kR) sin(kr) I-: 7 sin(kR) cos(kr) dk}' (15)
0 0

Notingthat R = (R + 1) + (R —r) and r = ¥(R + r) — % (R — r), we now write




l/)(r) =X T{f (R+1)[cos(kR) sin(l:')+sin(kR) cos(kr)] dk + f (R—1)[cos(kR) sin(l:’)—sin(kR) cos(kr)] dk}
0

= 2% {( + )f Mdk+(R )f Mdk} f""(Sinx
0

~ meor )dx = Y
r 2 R X

= 22 [(R+7) [, (sinx/x)dx i (R—7) [ (sinx/x)dx] =
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Finally, in terms of the total charge Q = 4mR?%0,, the scalar potential of the shell (both
inside and outside) is given by

anR2a {I/R; (inside the shell, r < R),

() =
i e (1/r; (outside the shell, r > R).

(16)




