Opti 501 Solutions 11

Problem 3.32) The function f(t) = cos(wyt) must first be multiplied by exp(—a|t|) in order to
prevent its Fourier integral from diverging as t — too. Eventually, however, we must let « — 0,
to lift this artificial restriction on the magnitude of f(t).

F(w) =lim,_, f_oooo cos(wyt) exp(—a|t]) exp(iwt) dt
= limg,_,q fjooo Yalexp(iwgt) + exp(—iwyt)] exp(—alt]) exp(iwt) dt
= Y lim,_,, {f_ooo[exp(iwot) + exp(—iwyt)] exp(at) exp(iwt) dt

+ fooo [exp(iwgt) + exp(—iwyt)] exp(—at) exp(iwt) dt}

¥ lim,_ {f—ooo exp{la + i(w + wy)]t}dt + f_OOO exp{[a + i(w — wy)]t} dt

+ fooo exp{—[a — i(w + wy)]t}dt + fooo exp{—[a — i(w — wy)]t}dt}
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The area under each of the two functions in the preceding expression is equal to m, as may be
readily verified:

o a o dx ¥ (1+tan26
— dw= = ( ) do = m.
f_oo a2 +(w+wg)? f—oo 1+x2 f—l/zﬂ 1+tan20

In the limit when a — 0, the first of the above functions approaches mé(w + wy) while the
second one approaches 8 (w — wg). Consequently, F(w) = md(w + wg) + 18 (w — wy).




