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Opti 501 Solutions 1/2 

Problem 3.31) 

a) 𝑴𝑴(𝒓𝒓, 𝑡𝑡) = 𝑀𝑀0𝒛𝒛� �Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )− Circ(𝑟𝑟∥ 𝑅𝑅⁄ )�Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ ). 

b) 𝜌𝜌bound
(𝑚𝑚) (𝒓𝒓, 𝑡𝑡) = −𝜵𝜵 ∙ 𝑴𝑴(𝒓𝒓, 𝑡𝑡) = −𝜕𝜕𝑀𝑀𝑧𝑧 𝜕𝜕𝑧𝑧⁄  

 = 𝑀𝑀0�Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )− Circ(𝑟𝑟∥ 𝑅𝑅⁄ )�[𝛿𝛿(𝑧𝑧 − ½𝐿𝐿𝑧𝑧) − 𝛿𝛿(𝑧𝑧 + ½𝐿𝐿𝑧𝑧)]. 

 𝑱𝑱bound
(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) = 𝜇𝜇0−1𝜵𝜵 × 𝑴𝑴(𝒓𝒓, 𝑡𝑡) 

 = 𝜇𝜇0−1𝑀𝑀0�𝜵𝜵 × �Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒛𝒛�� 

 −𝜵𝜵 × [Circ(𝑟𝑟∥ 𝑅𝑅⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒛𝒛�]} 

 = 𝜇𝜇0−1𝑀𝑀0Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ )[𝛿𝛿(𝑦𝑦 + ½𝐿𝐿𝑦𝑦) − 𝛿𝛿(𝑦𝑦 − ½𝐿𝐿𝑦𝑦)]Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒙𝒙� 

 −𝜇𝜇0−1𝑀𝑀0[𝛿𝛿(𝑥𝑥 + ½𝐿𝐿𝑥𝑥) − 𝛿𝛿(𝑥𝑥 − ½𝐿𝐿𝑥𝑥)]Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ )Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝒚𝒚� 

 −𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)Rect(𝑧𝑧 𝐿𝐿𝑧𝑧⁄ )𝝓𝝓� . 

c) The Fourier transform of the bound charge-density distribution is evaluated as follows: 

 𝜌𝜌bound
(𝑚𝑚) (𝒌𝒌,𝜔𝜔) = ∫ 𝜌𝜌bound

(𝑚𝑚) (𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝑡𝑡)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔)�∫ Rect(𝑥𝑥 𝐿𝐿𝑥𝑥⁄ ) exp(−i𝑘𝑘𝑥𝑥𝑥𝑥) d𝑥𝑥∞
−∞ ∫ Rect(𝑦𝑦 𝐿𝐿𝑦𝑦⁄ ) exp(−i𝑘𝑘𝑦𝑦𝑦𝑦) d𝑦𝑦∞

−∞  

 −∫ Circ(𝑟𝑟∥ 𝑅𝑅⁄ )∫ exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙) 𝑟𝑟∥d𝜙𝜙d𝑟𝑟∥
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

� 

 × ∫ [𝛿𝛿(𝑧𝑧 − ½𝐿𝐿𝑧𝑧) − 𝛿𝛿(𝑧𝑧 + ½𝐿𝐿𝑧𝑧)] exp(−i𝑘𝑘𝑧𝑧𝑧𝑧) d𝑧𝑧∞
−∞  

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �∫ exp(−i𝑘𝑘𝑥𝑥𝑥𝑥) d𝑥𝑥𝐿𝐿𝑥𝑥 2⁄

−𝐿𝐿𝑥𝑥 2⁄ ∫ exp(−i𝑘𝑘𝑦𝑦𝑦𝑦) d𝑦𝑦𝐿𝐿𝑦𝑦 2⁄

−𝐿𝐿𝑦𝑦 2⁄
− 2𝜋𝜋 ∫ 𝑟𝑟∥ 𝐽𝐽0(𝑘𝑘∥𝑟𝑟∥)d𝑟𝑟∥

𝑅𝑅
0 � 

 × [exp(−½i𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧) − exp(½i𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧)] 

 = 2𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �2sin(½𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥)
𝑘𝑘𝑥𝑥

× 2 sin(½𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦)
𝑘𝑘𝑦𝑦

− 2𝜋𝜋𝑅𝑅
𝑘𝑘∥
𝐽𝐽1(𝑘𝑘∥𝑅𝑅)� [−2i sin(½𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧)] 

 = −i4𝜋𝜋𝑀𝑀0𝛿𝛿(𝜔𝜔) �𝐿𝐿𝑥𝑥𝐿𝐿𝑦𝑦sinc �𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥
2𝜋𝜋

� sinc �𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦
2𝜋𝜋

� − 2𝜋𝜋𝑅𝑅 𝐽𝐽1�𝑅𝑅(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½�
(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½ � sin(½𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧). 

Similarly, the Fourier transform of the bound current-density distribution is found to be 

 𝑱𝑱bound
(𝑒𝑒) (𝒌𝒌,𝜔𝜔) = ∫  𝑱𝑱bound

(𝑒𝑒) (𝒓𝒓, 𝑡𝑡) exp[−i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝑡𝑡)] d𝒓𝒓d𝑡𝑡∞
−∞  

 = 2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔) �𝒙𝒙� ∫ exp(−i𝑘𝑘𝑥𝑥𝑥𝑥)d𝑥𝑥𝐿𝐿𝑥𝑥 2⁄
−𝐿𝐿𝑥𝑥 2⁄ ∫ [𝛿𝛿(𝑦𝑦 + ½𝐿𝐿𝑦𝑦)− 𝛿𝛿(𝑦𝑦 − ½𝐿𝐿𝑦𝑦)] exp(−i𝑘𝑘𝑦𝑦𝑦𝑦)d𝑦𝑦∞

−∞  

 −𝒚𝒚� ∫ [𝛿𝛿(𝑥𝑥 + ½𝐿𝐿𝑥𝑥)− 𝛿𝛿(𝑥𝑥 − ½𝐿𝐿𝑥𝑥)] exp(−i𝑘𝑘𝑥𝑥𝑥𝑥)d𝑥𝑥∞
−∞ ∫ exp(−i𝑘𝑘𝑦𝑦𝑦𝑦)d𝑦𝑦𝐿𝐿𝑦𝑦 2⁄

−𝐿𝐿𝑦𝑦 2⁄  

 −𝒛𝒛� × ∫ ∫ 𝒓𝒓�∥𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙)𝑟𝑟∥d𝑟𝑟∥d𝜙𝜙
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

�∫ exp(−i𝑘𝑘𝑧𝑧𝑧𝑧)d𝑧𝑧𝐿𝐿𝑧𝑧 2⁄
−𝐿𝐿𝑧𝑧 2⁄  

 = 2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)�2i𝐿𝐿𝑥𝑥sinc(𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥 2𝜋𝜋⁄ ) sin(½𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦)𝒙𝒙� − 2i𝐿𝐿𝑦𝑦sinc�𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦 2𝜋𝜋⁄ � sin(½𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥)𝒚𝒚� 

Cartesian coordinates 

Cylindrical coordinates 

𝑟𝑟∥ = �𝑥𝑥2 + 𝑦𝑦2 

G&R 3.915-2 

G&R 5.56-2 

𝒌𝒌∥ = 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑦𝑦𝒚𝒚� 

𝝓𝝓� = 𝒛𝒛� × 𝒓𝒓�∥ 
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 −𝒛𝒛� × 𝒌𝒌�∥ ∫ 𝑟𝑟∥𝛿𝛿(𝑟𝑟∥ − 𝑅𝑅)∫ cos𝜙𝜙 exp(−i𝑘𝑘∥𝑟𝑟∥ cos𝜙𝜙)d𝜙𝜙d𝑟𝑟∥
2𝜋𝜋
𝜙𝜙=0

∞
𝑟𝑟∥=0

� 𝐿𝐿𝑧𝑧sinc(𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧 2𝜋𝜋⁄ ) 

 = i2𝜋𝜋𝜇𝜇0−1𝑀𝑀0𝛿𝛿(𝜔𝜔)𝐿𝐿𝑧𝑧sinc(𝐿𝐿𝑧𝑧𝑘𝑘𝑧𝑧 2𝜋𝜋⁄ )�𝐿𝐿𝑥𝑥𝐿𝐿𝑦𝑦sinc(𝐿𝐿𝑥𝑥𝑘𝑘𝑥𝑥 2𝜋𝜋⁄ ) sinc(𝐿𝐿𝑦𝑦𝑘𝑘𝑦𝑦 2𝜋𝜋⁄ )(𝑘𝑘𝑦𝑦𝒙𝒙� − 𝑘𝑘𝑥𝑥𝒚𝒚�) 

 +2𝜋𝜋𝑅𝑅 𝐽𝐽1[𝑅𝑅(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½]𝝓𝝓�� . 
 

G&R 3.915-2 

𝝓𝝓� = 𝒛𝒛� × 𝒌𝒌�∥ 𝑘𝑘∥ = (𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½ 

𝒌𝒌∥ × 𝒛𝒛� 


