Opti 501 Solutions 11

Problem 3.29) a) The symmetry of the function f(x) allows us to integrate over the interval
(0, @), then multiply the result by 2 to find the area under the function, that is,

I5, FGodx = 2{[ /)% — (x/@)?)dx + [ (2/@)[1 - (x/@)]dx]
=4[/~ yDdy + [,(1 - y)*dy]
1 1

= 4[(ay — Yy — (-2l =4 (G- +5) = 1

4

Since f(x) is tall, narrow, symmetric around x = 0, and has unit area, in the limit when a — 0,
the function f (x) approaches a delta-function.

b) Differentiation of f(x) with respect to x yields ’
(0, x < —a; f‘\x)

(4/a)[1 + (x/a)], —a < x < —Ya;
f'(x) =< —4x/a3, — Yoa < x < Yoq;
—(4/a®)[1 = (x/a)], Ya < x < a;
0, x = a.

The area under each half of the function f'(x) is 1/a. If the —a —La\%2a [a
product f'(x)g(x) of an arbitrary function g(x) with f'(x) is
integrated over x, the value of the integral on the left-hand side
of the x-axis will be a~1g(—%a), while that on the right-hand
side will be —a~1g(Y%:a). The total integral of f’(x)g(x) will
thus be [g(—%a) — g(¥a)]/a, which approaches —g'(0) as @ — 0. This is the expected sifting
behavior of §'(x). Therefore, in the limit when @ — 0, the function f'(x) approaches §'(x).

+ <2/a?

—2/a2—> 4

¢) Differentiating f'(x) with respect to x, we find

{O, X< —a; f,\(x)
4/a3, —a <x < —Y%a; — T — 4’
f"(x) = 4 —4/ad, — Ya < x < Yaa; Lo L
L4/a3, Ya <x < a; Lo -
1 1 1 1
0, xza. L - > X
The area under each segment of the function f”(x) is —a kol o a
2/a?. If the product " (x)g(x) of an arbitrary function g(x) : :
with f"(x) is integrated over x, the values of the integral : : 4/
over the four segments of f”(x) will be, from left to right, =

2/a)g(-%a), —(2/a®)g(-*%a), —(2/a®)g(%a) and
(2/a?)g(34a). The total integral of f” (x)g(x) will thus be
% y y % gCaa)—gCha)  g(—tha)—g(-%a) 'y iy
g9(-%a)—g(= wg)—g( ha)+g(ha) _ /2 /2 _, 9CGo-g Yoy | g"(0).
a?/2 a a-0 a a—0

Since this is the expected sifting behavior of §”(x), we conclude that, in the limit when @ — 0,
the function f” (x) approaches §" (x).




