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Opti 501 Solutions 1/2 
 
3.27) The relation between the integral of 𝐹𝐹(𝑘𝑘)𝐺𝐺(𝑘𝑘) and that of 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥) is readily proven as 
follows:  

 ∫ 𝐹𝐹(𝑘𝑘)𝐺𝐺(𝑘𝑘)d𝑘𝑘∞
−∞ = ∫ �∫ 𝑓𝑓(𝑥𝑥) exp(−i𝑘𝑘𝑥𝑥)d𝑥𝑥∞

−∞ �𝐺𝐺(𝑘𝑘)d𝑘𝑘∞
−∞  

 = ∫ 𝑓𝑓(𝑥𝑥)�∫ 𝐺𝐺(𝑘𝑘)exp(−i𝑘𝑘𝑥𝑥)d𝑘𝑘∞
−∞ �d𝑥𝑥∞

−∞ = 2𝜋𝜋 ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥)d𝑥𝑥∞
−∞ . (1) 

To apply the above identity to the definite integral under consideration, we rely on the 
following relations: 

 [𝛼𝛼𝑘𝑘 cos(𝛼𝛼𝑘𝑘) − sin(𝛼𝛼𝑘𝑘)] 𝑘𝑘2⁄ = d
d𝑘𝑘

[sin(𝛼𝛼𝑘𝑘) 𝑘𝑘⁄ ]. (2) 

 ℱ{Rect(𝑥𝑥 2𝛼𝛼⁄ )} = ∫ Rect(𝑥𝑥 2𝛼𝛼⁄ ) exp(−i𝑘𝑘𝑥𝑥) d𝑥𝑥∞
−∞ = ∫ exp(−i𝑘𝑘𝑥𝑥) d𝑥𝑥𝛼𝛼

−𝛼𝛼 = 2 sin(𝛼𝛼𝑘𝑘) 𝑘𝑘⁄ . (3) 

 ℱ{−(i𝑥𝑥 2⁄ )Rect(𝑥𝑥 2𝛼𝛼⁄ )} = d
d𝑘𝑘

[sin(𝛼𝛼𝑘𝑘) 𝑘𝑘⁄ ]. (4) 

 ℱ{Sign(𝑥𝑥)} = ℱ{2 Step(𝑥𝑥) − 1.0} = 2[𝜋𝜋𝜋𝜋(𝑘𝑘) − (i 𝑘𝑘⁄ )]− 2𝜋𝜋𝜋𝜋(𝑘𝑘) = −2i 𝑘𝑘⁄ . (5) 

 ℱ{Rect(𝑥𝑥 2𝛽𝛽⁄ )} = 2 sin(𝛽𝛽𝑘𝑘) 𝑘𝑘⁄ . (6) 

 ℱ{(i 4⁄ )Sign(𝑥𝑥) ∗ Rect(𝑥𝑥 2𝛽𝛽⁄ )} = sin(𝛽𝛽𝑘𝑘) 𝑘𝑘2⁄ . (7) 

The figure below shows the functions 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) whose Fourier transforms, when 
multiplied together, yield the integrand of the definite integral under consideration. 
 
 
 
 
 
 
 
 
 
 

If 𝛽𝛽 ≥ 𝛼𝛼, then 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥) = −¼𝑥𝑥2 in the interval −𝛼𝛼 < 𝑥𝑥 < 𝛼𝛼, and zero otherwise. 
Consequently, 

 2𝜋𝜋 ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥)d𝑥𝑥∞
−∞ = −½𝜋𝜋 ∫ 𝑥𝑥2d𝑥𝑥𝛼𝛼

−𝛼𝛼 = −⅓𝜋𝜋𝛼𝛼3. (8) 

If 𝛽𝛽 ≤ 𝛼𝛼, then 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥) = −¼𝑥𝑥2 when |𝑥𝑥| ≤ 𝛽𝛽, and −¼𝛽𝛽|𝑥𝑥| when 𝛽𝛽 ≤ |𝑥𝑥| ≤ 𝛼𝛼, and 
zero otherwise. Consequently, 

 2𝜋𝜋 ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(−𝑥𝑥)d𝑥𝑥∞
−∞ = −½𝜋𝜋 ∫ 𝑥𝑥2d𝑥𝑥𝛽𝛽

−𝛽𝛽 − 𝜋𝜋𝛽𝛽 ∫ 𝑥𝑥d𝑥𝑥𝛼𝛼
𝛽𝛽  

 = −⅓𝜋𝜋𝛽𝛽3 − ½𝜋𝜋𝛽𝛽(𝛼𝛼2 − 𝛽𝛽2) 

 = ⅙𝜋𝜋𝛽𝛽3 − ½𝜋𝜋𝛽𝛽𝛼𝛼2. (9) 
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(i 4⁄ )Sign(𝑥𝑥) ∗ Rect(𝑥𝑥 2𝛽𝛽⁄ ) −(i𝑥𝑥 2⁄ )Rect(𝑥𝑥 2𝛼𝛼⁄ ) 
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The final result is 

 � [𝛼𝛼𝑘𝑘 cos(𝛼𝛼𝑘𝑘) − sin(𝛼𝛼𝑘𝑘)] sin(𝛽𝛽𝑘𝑘)
𝑘𝑘4

d𝑘𝑘
∞

−∞
= �

−⅓𝜋𝜋𝛼𝛼3;                          𝛽𝛽 ≥ 𝛼𝛼,

⅙𝜋𝜋𝛽𝛽3 − ½𝜋𝜋𝛽𝛽𝛼𝛼2;          𝛽𝛽 ≤ 𝛼𝛼.
 (10) 

 


