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Problem 19)  
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c) From (a) we have 1 1( ) 2( / ) ( ) ( ).n n nJ x n x J x J x+ −= −  Substitution into (b) then yields 

 1( ) ( ) ( / ) ( ).n n nJ ' x J x n x J x−= −  

 Similarly, substituting 1 1( ) 2( / ) ( ) ( )n n nJ x n x J x J x− += −  into (b) yields 
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Defining k′=k+1

Dummy variable k ′ is renamed k ; 
the two sums are combined. 



 2

 
1 2 1 1 2 1

1 1

( /2) ( 1) ( /2) ( 1) ( /2)
( 1)! ! ( 1)! ( 1)! ( )!

n k k n k' k' n

k k'

x x x
n k k n k' k' n

− + − − + −∞ ∞

= =

− −
−

− + − − +
= +∑ ∑  

 
1 2 1

1

1

( /2) ( 1) ( /2) [( ) ( 1) ]
! ! ( )!

n k k n

k

n x x k n k
n k k n

− + −∞
−

=

= +
−

+ − −
+∑  

 
2 1 2

0 0

( 1) ( /2) ( 1) ( /2) 2 ( ).
! ( )

(2 ) d
! ! ( )!

2
d

k k n k k n

n
k k

x x 'J x
k k n k k n
k n

x

+ − +∞ ∞

= =

− −
=

+
+

+
= =∑ ∑  

e) 1
2

( ) exp[ i( sin )]dnJ x n x
π

ππ
θ θ θ

−
= − −∫  

 2 2
1

2
exp{ i[ ( ) sin( )]}dn x

π

π

π π
π

φ φ φ
−

= − + − +∫  

 ( i)
2

exp[ i( cos )]d
n

n x
π

ππ
φ φ φ

−

−
= − −∫  

 1
( )2 i

cos( )exp(i cos )d i sin( ) exp(i cos )d{ }n n x n x
π π

π ππ
φ φ φ φ φ φ

− −
= −∫ ∫  

 

 
0

1
i

cos( ) exp(i cos )d .n n x
π

π
φ φ φ= ∫  

 
 

The integral is zero, because the 
integrand is an odd function of φ. 

The integrand is an 
even function of φ.

Change of variable: θ→φ +½π . 
The integrand being periodic with a 
period of 2π, the integration range 

(−π,π) may remain the same. 

Defining k′=k+1

Dummy variable k ′ is renamed k ; 
the two sums are combined. 


