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Problem 2.64) a) For a relativistic treatment of the problem, define fo; = V;,/c and v, =

1/{/1 = (Vy1/c)?. The conservation laws of energy and linear momentum may then be written
as follows:

Eo+yoMc? =& +y,Mc?, (1a)
(Eo/C) +yoMVy = —(E1/c) + Y1 MV]. (1b)

Note that £, and M can have arbitrary (positive) values, and that V, may be positive, zero, or
negative, provided that |Vy| < c. Defining @y, = £q1/Mc?, the above equations can be written
in somewhat simplified form as

@o + Yo = a1t 71, (2a)
g+ YoPo = —ay +y1P1. (2b)

b) In the non-relativistic approximation, we have

Eo + VLMVE = & + YaMVE, (3a)
(Eo/Cc) + MVy = —(&1/c) + MV;. (3b)
After normalization, Egs.(3a) and (3b) become
ay + YofE = a; + VopE, (4a)
ap+ fo=—ay + pi. (4b)
c) Adding Eq.(4a) to Eq.(4b) and rearranging the terms, we find
Bf +2B1 — (4ag + 2B, + B5) = 0. (5)
Considering that |B;| = |V;|/c must be less than 1.0, only one of the two solutions of the
above quadratic equation in ; will be acceptable, that is,
B =+1+4a,+ 2B, + pE — 1. (6)
Substitution into Eq.(4b) then yields
€1 = Mc*(By — Bo) — &o. (7)

d) Given that, in the non-relativistic regime, @y < 1, fy < 1, and f; < 1, we can approximate
B of Eq.(6) by invoking the Taylor series expansion V1 + & = 1 + Y& — Y2 + -+, as follows:

Br = Qag + fo + YB3 — Va(day + 2o + B2 + -+ | |
ignore high-order terms
= 2ag + Bo — 203 — 20y — (ay + % B2 B2 + -+

Thus, to a good approximation, Eq.(8) provides an expression for the final velocity V; of the
mirror in terms of its initial velocity Vj, the energy &, of the light bullet, and the mass M of the
mirror. Substitution from Eq.(8) into Eq.(7) yields the final energy of the light pulse, as follows:



1228 —ag—Po) — & - E1/E =1 —2(E/Mc*) —2(Vy/c). )

In the quantum picture of light, the incident pulse contains N photons of (angular) frequency
wo and energy hw,, so that £, = Nhw,. Upon encountering the mirror, all N photons are
reflected, with their frequencies Doppler-shifted to w, so that £ = Nhw;. Thus, the Doppler
shift of the optical frequency upon perfect reflection from a moving (or stationary) mirror fully
accounts for the change of the pulse energy from &, to &;. If the term 2&,/(Mc?) in Eq.(9)
happens to be negligible, then the Doppler shift will be Aw = w; — wy = —2(Vy/c)wy. Note
that V, could be positive or negative, and that, therefore, the Doppler shift could decrease or
increase the frequency of the light pulse upon reflection. For a stationary mirror (i.e., Vo = 0),
the kinetic energy acquired by the mirror after reflection of the light pulse will be 23/ (Mc?).
The more massive the stationary mirror, the smaller will be the fraction of the energy of the pulse
that is converted to the mirror’s kinetic energy. Also, the greater the energy of the incident light
pulse, the greater will be the fraction of its energy converted to the kinetic energy of the mirror.

Digression: In the relativistic treatment of part (a), adding Eq.(2a) to Eq.(2b) yields
2 +yo(1+ o) =y1(1+ 1) =y (1 +B)/(1 - ). (10)

The above equation may now be solved to yield S, as follows:

1+61

[2ao+yo(1+B0)]*-1

— 2 —
1-B, - [Zao +y0(1 +ﬁO)] - ﬁl - [2a0+]/0(1+ﬂ0)]2+1 (11)
Having found f;, we can now derive an expression for y;, namely,
2 _ {[2ag+yo(1+Bo)2+1} - {[2ap+yo (1 +8)1> -1} 7 __2[2a0+o(1+6o)]
1-p1 = - 1-p7=
{[2ao+yo(1+B0)]2+1}2 [2ap+yo(1+B0)]1%+1
_ 1 _ p2 — [2ap+Yo(1+B0)]1%+1 .
- V1= 1/ 1 ﬁl 2[2a9+yo(1+S0)] (12)
Substitution for y; into Eq.(2a) now yields a solution for a4, as follows:
_ . _ . [2a0+yo(1+Bo)1?+1 __ 2yo[2a0+Yo(1+B0)]-[2a0+yo (1+B)]? -1
M= @ FYo = V1= @t Vo™ Shapaip) 0T 2020 +70(1+B0)]
_ 40y +2y§ (1+Bo)—4ag—yE (1+B0)? ~4ao¥o(1+Bo)-1 _ —4ag—4aoBoyo+¥s (1+B0)(1-o)-1
— ao + = aO +
2[2a9+yo(1+S0)] 2[2ao+y0(1+B0)]
= an — 2a§+2a0Bovo _ _@0¥(1=Bo) _ _ ao(1=Bo)/(1+Bo) (13)
O 2ap+10(1+B0) ~ 2a0+ro(1+B0) 1420/ (1—Fo)/(1+B0)
Consequently,
&1 _ (1-Bo)/(1+Bo) (14)

€0 1+2(E0/Mc)A—Po)/(L+Bo)

If the mirror happens to be massive, £,/Mc? — 0, in which case the above equation yields
the standard Doppler-shift formula for the ratio of the reflected to incident energies (or
frequencies). If the initial mirror velocity happens to be zero, then £ = &,/[1 + 2(E,/Mc?)]
reveals the loss of optical energy upon reflection from a mirror with a finite mass.




