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Opti 501 Solutions 1/1 

Problem 2.40) 

a) In free space, Maxwell’s first equation is 𝜵𝜵 ∙ (𝜀𝜀0𝑬𝑬) = 0. Application to the 𝐸𝐸-field of the 
plane-wave yields i𝒌𝒌 ∙ 𝑬𝑬0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] = 0. Consequently, 𝒌𝒌 ∙ 𝑬𝑬0 = 0. This is the general 
relation between the 𝑘𝑘-vector and the magnitude 𝑬𝑬0 of the plane-wave’s 𝐸𝐸-field. 
 
b) In free space, Maxwell’s fourth equation is 𝜵𝜵 ∙ (𝜇𝜇0𝑯𝑯) = 0. Application to the 𝐻𝐻-field of the 
plane-wave yields i𝒌𝒌 ∙ 𝑯𝑯0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] = 0. Consequently, 𝒌𝒌 ∙ 𝑯𝑯0 = 0. This is the general 
relation between the 𝑘𝑘-vector and the magnitude 𝑯𝑯0 of the plane-wave’s 𝐸𝐸-field. 
 
c) Maxwell’s second equation in free space is 𝛁𝛁 × 𝑯𝑯 = 𝜀𝜀0 𝜕𝜕𝑬𝑬 𝜕𝜕𝜕𝜕⁄ . Substitution for 𝑬𝑬 and 𝑯𝑯 from 
the plane-wave expressions yields 

 i𝒌𝒌 × 𝑯𝑯0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] = −i𝜔𝜔𝜀𝜀0𝑬𝑬0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)]    →    𝒌𝒌 × 𝑯𝑯0 = −𝜀𝜀0𝜔𝜔𝑬𝑬0. 

d) Maxwell’s third equation in free space is 𝛁𝛁 × 𝑬𝑬 = −𝜇𝜇0 𝜕𝜕𝑯𝑯 𝜕𝜕𝜕𝜕⁄ . Substitution for 𝑬𝑬 and 𝑯𝑯 from 
the plane-wave expressions yields 

 i𝒌𝒌 × 𝑬𝑬0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)] = i𝜔𝜔𝜇𝜇0𝑯𝑯0 exp[i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔)]     →     𝒌𝒌 × 𝑬𝑬0 = 𝜇𝜇0𝜔𝜔𝑯𝑯0. 

e) From part (c) we know that  𝑬𝑬0 = −𝒌𝒌 × 𝑯𝑯0 (𝜀𝜀0𝜔𝜔)⁄ . Substitution in the result obtained in part 
(d) then yields 

 −𝒌𝒌 × (𝒌𝒌 × 𝑯𝑯0) (𝜀𝜀0𝜔𝜔)⁄ = 𝜇𝜇0𝜔𝜔𝑯𝑯0       →        (𝒌𝒌 ∙ 𝑯𝑯0)𝒌𝒌 − (𝒌𝒌 ∙ 𝒌𝒌)𝑯𝑯0 = −𝜇𝜇0𝜀𝜀0𝜔𝜔2𝑯𝑯0. 

Now, in part (b) we found that 𝒌𝒌 ∙ 𝑯𝑯0 = 0. Therefore, the first term on the left-hand side of the 
preceding equation disappears, and we are left with (𝒌𝒌 ∙ 𝒌𝒌)𝑯𝑯0 = 𝜇𝜇0𝜀𝜀0𝜔𝜔2𝑯𝑯0. Dropping 𝑯𝑯0 from 
both sides of this equation yields 

 𝒌𝒌 ∙ 𝒌𝒌 = (𝒌𝒌′ + i𝒌𝒌″) ∙ (𝒌𝒌′ + i𝒌𝒌″) = (𝑘𝑘′2 − 𝑘𝑘″2) + 2i𝒌𝒌′ ∙ 𝒌𝒌″ = 𝜇𝜇0𝜀𝜀0𝜔𝜔2 = (𝜔𝜔 𝑐𝑐⁄ )2. 

This is the general relation between the wave-vector 𝒌𝒌 and the frequency 𝜔𝜔 of a plane-wave in 
free space. 
 


