Opti 501 Solutions 1/2
Problem 2.39)

a) To find the E-field distribution, use the integral form of Maxwell’s first equation,
V-¢, E(r,t)= p(r,t), on acylinder of radius p and height 4, centered on the z-axis. You will find

0; p<R1’
E(r,t)=1 R,0,,p/(&,p); R <p<R,,
0; pP>R,.

Next, use the integral form of Maxwell’s 2™ equation, V'x H(r,t)=J(r,f), on a circle of
radius p centered on the z-axis, to find the H-field distribution. You will have

0; P <R,
H(r,t)={ R J. @/p; R, <p<R,,
0; P>R,.

b) The electromagnetic energy-density is lgo|E|2+% u,|H|*. Integrating this energy-density

over the volume of space between the two cylinders (height=1.0) yields
R R
e=[ 2apGelE P+ ulH) dp =R, ol +u 3| p 7 'dp =7 R (8,00 + 11, T 3) In(R,/R,)-
1 1

c¢) The Poynting vector in the region between the two cylinders is found as follows:
S(r,t)=E(r,t)xH(r,t)=R, 0, p/(g,p)* R1Js1¢3/p =0, Jislzf, /(50,02 )-

d) The electromagnetic momentum-density is given by S(r,7)/c*. Integration over the volume of
space between the two cylinders (height=1.0) yields the momentum per unit-length p, as follows:

R, oR, )
p= JRI 27p[S(r,0)/c*1dp =274,0,,J, R} "'.[Rl p~'dp=27u,0,J, R I(R,/R,)%-

e) The E-field energy stored between the cylinders can be accounted for if one starts with two
charged cylinders of equal radius R;, then proceeds by slowly expanding the negatively-charged
cylinder until it reaches a radius of R,. The total charge of the outer cylinder (per unit-length), of
course, remains constant at 27R,05,, which is equal to —27R;05;. When the radius of the outer
cylinder is p, its charges experience the E-field E(p)= ‘/leoglpA/(gO p). [Here the factor '5
accounts for the E-field immediately inside the outer cylinder being R, oy 0/(& p), while that
immediately outside is zero; the effective E-field acting on the charges is the average of these
two fields.] When the outer cylinder’s radius increases by dp, the work done by the E-field on
the moving charges will be (27R,05,) (2R 051/ &p) dp=—7zR120S12dp/(€0 p). Integrating this work
from p=R; to p=R, yields the total work as —7R 0, & 'In(Ry/Ry), which is what appears as
the E-field energy stored in the region between the two cylinders.

As for the stored magnetic-field energy, during the period of time when the currents rise
from zero to their final values, the induced E-field between the two cylinders may be obtained
from Faraday’s law, VxE(r,t)=—0B(r,t)/0t. Between t=0 and t=t,, let the two current-
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densities be J;;t/t, and Jyt/t,. We will then have VxE(r,t)=— ,uoRlelqs/( pt,). The only E-field
component generated by the (slowly-varying) B-field will be E.. Since, in cylindrical
coordinates, VxE=—(JE./dp)p,we find E.=u R,J,t;'Inp. In accordance with the equation

sl¥o

governing the time-rate-of-exchange of energy-density between the E-field and electrical
currents, namely, 0&/0t=E -J, the induced E-field acts on the currents of both cylinders,

2R Js1t/t, and 2 TR, Ji» t/t,, to extract a net energy (per unit cylinder length) as follows:

sl¥o s2%0

[0
E=Qru, R INR, + 271, R, T R, J 1 lnRz)Itzotdt =~z u, REJZIN(R/R,). <|Using R\J,, + R =0.

The above energy is equal in magnitude and opposite in sign to the H-field energy stored in
the region between the two cylinders. Note that, during the build-up process, the small cylinder
absorbs energy while the large cylinder supplies the energy that goes into the H-field as well as
that absorbed by the small cylinder.

Another thing that happens during the build-up of the H-field is the exertion of force by the
induced E-field on the charges of the two cylinders. The charges (per unit-length) are 2 7R, oy
and 2 7R, 05, which, by construction, are equal and opposite. The induced E-fields acting on the
inner and outer cylinders are E,,=u R,J,¢,' InR, and E_,=u R,J,t,' InR,, respectively. The net

s17o
force (per unit-length) along the z-axis, acting on the two-cylinder system is thus given by
F.=-2ru,0,J,R’t;'In(R,/R,). Since the duration of this constant force is Z, the net mechanical
momentum acquired by the cylinders is p =F.t, =27 u,0,.J,R In(R,/R,), which is precisely

equal in magnitude and opposite in sign to the electromagnetic momentum obtained in part (d).




